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2 CHAPTER 1 Linear Equations in Linear Algebra

seismic data for the equations are oblained from
underwater shock waves created by explosions
from air guns. The waves bounce off subsurface
rocks and are measured by geophones attached
mibe-long cables behind the ship.

Linear programming. Many important management
decisions today are made on the basis of linear
programming models that utilize hundreds of
variables. The airine industry, for instance,

The Pslamia Aniversity of Wabawalpur
The Department of Physics

employs linear programs that schedule Might crews,
monitor the locations of aircraft, or plan the vared
schedules of support services such as maintenance
and terminal operations.

Electrical networks. Engineers use simulation
sofitware to design electrical circuits and microchips
involving millions of ransistors.  Such software
relies on linear algebra techniques and systems of
linear equations.

Systems of linear equations lie at the heart of linear algebra, and this chapter uses them to
introduce some of the central concepts of linear algebra in a simple and concrete setling.
Sections 1.1 and 1.2 present a systematic method for solving systems of linear equations.
This algorithm will be used for computations throughout the ext Sections 1.3 and
1.4 show how a system of linear equations is equivalent 1o a vecror eguarion and w0 a
matriv equation. This equivalence will reduce problems imvolving linear combinations
of vectors w0 questions abowt systems of linear equations. The fundamental concepts of
spanning, linear independence, and linear transformations, studied in the second half of
the chapter, will play an essential role throughout the text as we explore the beauty and
power of linear algebra.

1.1 SYSTEMS OF LINEAR EQUATIONS

A linear equation in the variables xy. .., x, is an equation that can be written in the
form

dixy +dsxs o Fagny,=b [y
where b and the coefficients a,. . ... a, are real or complex numbers, usually known
in advance. The subscript n may be any positive integer. In texthook examples and
exercises, i is normally between 2 and 3. In real-life problems, n might be 50 or 5000,
or even larger.

The equations

dyj =S5y +2=x; and x= E{M"'E—Jc.:l + x3
are both linear because they can be rearranged algebraically as in equation (1):
3xj=5x:==2 and 2y 4 xs=1x3= 2.6
The equations
4y =5xs =xyx; and x; =23 =6

are not linear becanse of the presence of xx2 in the first equation and /X7 in the second.

A system of linear equations (or a linear system) is a collection of one or more
linear equations involving the same vanables—say, xi.. .., Xe. Anexample is

2xj=x3 4 1553 = 8

Xj = 4y ==7

2)
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A solution of the system is a list (51,52 ..., sn)) of numbers that makes each equation a
true statement when the values sp. .. . fu are substituted for xi, . . .. xe, respectively. For
instance, (5, 6.5, 3) 15 a solution of system (2) because, when these values are substituted
in (2) for xy. xa. vy respectively, the equations simplify to 8 = 8 and =7 = =T.

The set of all possible solutions 15 called the solution set of the linear system. Two
linear systems are called equivalent if they have the same solution set. That is, each
solution of the first system 15 a solution of the second system, and each solution of the
second system is a solution of the first.

Finding the sodution set of a system of two linear equations in two variables is easy
because it amounts to finding the intersection of two lines. A typical problem is

Xy = 2xy = =]

—xy 4 3xs 3

The graphs of these equations are lines, which we denote by £; and £5. A pair of numbers
(xy. xa) satisfies both equations in the system if and only if the point (). x3) lies on both
£y and £5. In the system above. the solution is the single poimt (3. 2). as vou can easily
verify. See Fig. 1.

FIGURE 1 Exactly ong solution.

Of course, two lines need not intersect in a single point —they could be parallel, or
they could coincide and hence “intersect” at every point on the line. Figure 2 shows the
graphs that correspond to the following systems:

{a) xyp = 2wy = =] (b) xj =2xy = =]

-y 4 2ys = 3 —_1y 4= 2 1

-
[ )
Ly

a) ()
FIGURE 2 {a) Mo solution. (b) Infinitely many solutions.

Figures 1 and 2 illustrate the following general fact about linear systems, 1o be
verified in Section 1.2,
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A system of linear equations has

1. no solution, or
2. exactly one solution, or
3. infinitely many solutions.

A systern of linear equations is said to be consistent if it has either one solution or
nfinitely many solutions: a system is inconsistent if it has no solution.

Matrix Notation

The essential information of a linear system can be recorded compactly in a rectangular
array called a matrix. Given the system

Xj =24 x3= 0
2xy =Brx= 8 (3)
=4x; 4 Sxz 4 Oxz = =0

with the coefficients of each variable aligned in columns, the matrix
I =2 1
0 2 =3
-4 5 9

i called the coefficient matrix (or matrix of coefficients) of the system (3), and

1 =2 1 0
0 2 =8 & i4)
-4 5 09 -9

i called the angmented matrix of the system. (The second row here contains a sero be-
cawse the second equation could be written as 0 - x; + 2xy = By = 8.) An angmented
matrix of a system consists of the coefficient matrix with an added column containing
the constants from the right sides of the equations.

The size of a matrix tells how many rows and columns it has. The augmented matrix
(4) above has 3 rows and 4 columns and is called a 3 » 4 (read “3 by 47) matrix. If m
and i are positive inlegers, an s ¥ o matrix is a rectangular array of numbers with m
rows and n columns, (The number of rows always comes first.) Matrix notation will
simplify the calculations in the examples that follow.

Solving a Linear System

This section and the next describe an algorithm, or a systematic procedure, for solving
linear systems. The basic strategy is to replace one system with an equivalent system
(Le., one with the same solution set) thar is easier 1o solve.

Roughly speaking, use the x; term in the first equation of a system o eliminate
the x; terms in the other equations. Then use the x; term in the second equation to
eliminate the xs terms in the other equations, and so on, until you finally obtain a very
simple equivalent system of eguations.

Three basic operations are used 1o simplify a linear system: Replace one equation
by the sum of itsell and a multiple of another equation, interchange two eguations, and
multiply all the terms in an equation by a nonzero constant. After the first example. you
will see why these three operations do not change the solution set of the system.
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EXAMPLE 1 Solve system (3).

SOLUTION The elimination procedure is shown here with and without matrix notation,
and the results are placed side by side for comparison:

X =234 x3= 0O

L T O ]

1 I 0
vy =Br3= 8§ ] -8 8
=4y 4 51y 4 Qyy = =0 -4 5 =9

Keep xy in the first eguation and eliminate i from the other equations. To do so, add 4
limes equation 1 W equation 3. After some practice, this type of caleulation is usually
performed mentally:

4 - [equation 1): dx; —Ba + 4= 0O
+ [eguation 3): —4x; + 5x2 + Yy =9

[pew equation 3): = 3x3 4 13xy = =0

The result of this calculation is written in place of the oniginal third equation:

X = 1—1-3 + Xy = i} 1 =2 1 0
2y — Bxy= 8 0 2 =8 8
-j-.l.'g-i-]s_rj = 0 =3 13 =0

Now, multiply equation 2 by 1/2 in order wo obtain 1 as the coefficient for x3. (This
calculation will simplify the arithmetic in the next step.)

ap=2ug+ x3= 0 1 =2 1 0
x3 = dx3= 4 i} 1 =4 4
0 =3 13 =G

=313 4 13x; = =9

Use the xs in equation 2 o eliminate the =3xs in equation 3. The “mental” computation
1%
3 « [equation 2): 3xy = 12x3= 12

+ [equation 3): =31y + 1353 = =9

[mew eguation 3]: x3= 3

The new system has a triangular form:!

=2t xy =10 1 =2 1 0
-‘-’2-"1‘-[5 =4 0 1 =4 4
Xy =3 0 0 1 3

Eventually, you want to eliminate the =2x; term from equation 1, but it is more efficient
to use the xz in eguation 3 first, W eliminate the =4x3 and <43 terms inequations 2 and 1.
The two “mental” calculations are

4-[eq. 3): 4x3 =12 =1 - [eq. 3]: —xy==3
+leg 2] x2—4das= 4 +leg 1) xy=2u 4= 0
[m:w e 2]: X3 = |6t [m:w . I]: xXj = 2x3 =3

"The mtutive lerm frimagelar will be replaced by a precise lerm in the pexl seciun.
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It is convenient W combing the results of these two operations:

Xy = 2xs ==3 1 =2 0 =3
X = 16 0 1 0 16
= 3 0o 0 1 3

Now, having cleaned out the column above the x3 in equation 3, move back 1o the xs in
equation 2 and wse it to eliminate the =2x; above il. Because of the previous work with
X3, there 15 now no anthmetic involving oy terms. Add 2 times equation 2 1o equation
I and obtain the system:

Xy =29 1 o 0 29
X = 16 0 1 0 16
xa= 3 0o 0o 1 3

The work is essentially done. It shows that the only solution of the original system is
(29, 16, 3). However, since there are so many calculations involved, it 15 a good practice
by check the work. To verify that (29, 16, 3) is a solution, substitute these values into
the left side of the original system, and compute:

(20) =2(16) + (3)=29=3243=0
2(16) = 8(3) =32 =24 =8

Each of the original equations =4(20) 4 S(16) 4 D(3) = =116+ B0 + 27 = =0

determines a plane in three-

dimensional space. The point The results agree with the right side of the orginal system, so (29, 16, 3) is a solution
(29, 16, 3) lies in all three planes. of the system. ]

Example | illustrates how operations on equations in a linear system cormespond to
operations on the appropriate rows of the augmented matrix. The three basic operations
listed earlier correspond to the following operations on the angmented matrix.

ELEMENTARY ROW OPERATIONS

1. (Replacement) Replace one row by the sum of iself and a multiple of another
row.?

2. (Interchange) Interchange two rows.
3. (Scaling) Multiply all entries in a row by a nonzero constant.

Fow operations can be applied o any matrix, not merely to one that arises as the
augmented matrx of a linear system. Two matrices are called row equivalent if there
i & sequence of elementary row operations that transforms one matrix into the other.

It i important o note that row operations are reversible. 17 two rows are inber-
changed, they can be returned to their original positions by another imterchange. I a
row is scaled by a nonzero constant ¢, then multiplying the new row by 1/ produces
the orginal row. Finally, consider a replacement operation invalving two rows —say,
rows | and 2 —and suppose that ¢ times row | 15 added to row 2 to produce a new row 2.
To “reverse”™ this operation, add =c times row 1 1o (new) row 2 and obtain the original
row 2. See Exercises 29-32 at the end of this section.

A common paraphrase of row replacement is “Add o one row 3 multiple of another row.”
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At the moment, we are interested in row operations on the augmented matrix of a
systermn of linear equations. Suppose a system is changed o a new onge via row operi-
tions. By considering each type of rmow operation, you can see that any solution of the
original system remains a solution of the new system. Conversely, since the onginal
systemn can be produced via row operations on the new system, each solution of the new
systermn 15 also a solution of the original system. This discussion justifies the following
slalement.

If the augmented matrices of two linear systems are row equivalent, then the two
systems have the same solution set.

Though Example 1 is lengthy, you will find that after some practice, the calculations
zo guickly. Row operations in the text and exercises will usually be extremely easy o
perform, allowing you to focus on the underlving concepts. 5till, you must learn to
perform row operations accurately because they will be used throughout the text.

The rest of this section shows how (o use row operations to determine the size of a
solution set, without completely solving the linear system.

Existence and Uniqueness Questions

Section 1.2 will show why a solution set for a linear system contains either no solutions,
one solution, or infinitely many solutions. Answers o the following two questions will
determine the nature of the solution set for a linear system.

To determine which possibility is ree for a particular system, we ask two questions.

TWO FUNDAMENTAL QUESTIONS ABOUT A LINEAR SYSTEM
1. Is the system consistent: that is, does at least one solution exis?

2. If a solution exists, is it the onfy one; that is, is the solution wmigue?

These two questions will appear throughout the text, in many different guises. This
section and the next will show how w answer these questions via row operations on the
augmented matrix.

EXAMPLE 2 Determine if the following system is consistent:
Xp =224 x3= 0
2xg =Bz = 8
=4x; 4 S5x3 + Oy = =9

SOLUTION This is the svstem from Example 1. Suppose that we have performed the
oW operations necessary o obtain the triangular form

H=2ry4+ x=0 1 =2 1 0
x =dxy =4 0 1 =4 4
xy=3 o 0 | 3

Al this point, we know xz. Were we to substitute the value of xs into equation 2, we
could compute x; and hence could determine x; from equation . So a solution exists;
the system is consistent. (In fact, x; s uniquely determined by equation 2 since xs has
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only one possible value, and x; is therefore uniquely determined by equation 1. So the
solution s unigue.) ]

EXAMPLE 3 Determine if the following system is consistent:

X3 =dxy=1§
2y =3xs 4 2oy =1 (5)

S5xp = Bxs 4+ Tay = |

SOLUTION The augmented matrix is

o 1 =4 &
T =3 I 1
5 =8 7 1

T =3 I 1
o 1 =4 &
5 =8 7 1

To eliminate the 5x; term in the third equation, add =572 imes row | o row 3:

2 =3 2 1
0 1 -4 8 (6)
0 =12 2 =32

Mext, use the xs term in the second equation 1o eliminate the =(1/2)xs term from the
third equation. Add 12 times row 2 1o row 3:

2 -3 2 1
0 1 —4 8 (7
0 0 0 502

The augmented matrix is now in triangular form. To interpret it correctly, go back o
edquation notation:

2xp =3xs 4 2y = |

Xy =4x;= 8§ (8)

0 =5/2
The equation 0 = 5/2 is a short form of Oxy 4 Oxz 4 Oxs = 5/2. This system in trian-
This system is inconsistent eular form obviously has a buili-in contradiction. There are no valoes of xy, s, xy that
because there is no point that lies satisfy (8) because the equation 0 = 52 is never true. Since (8) and (5) have the same
in all three planes. solution set, the original system is inconsistent (i.e., has no solution). [ ]

Pay close attention to the avgmented matrix in (7). Its last row is typical of an
inconsistent system in triangular form.
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— NUMERICAL NOTE

In real-world problems, systems of linear equations are solved by a computer. For
a square coefficient matrix, computer programs nearly always use the elimination
algorithm given here and in Section 1.2, modified slightly for improved accuracy.
The vast majority of linear algebra problems in business and industry are
solved with programs that use floating point arichmetic. Numbers are represented
a% decimals £ gy -« al'ﬁ. w 10, where r is an integer and the number p of digits o
the right of the decimal point is usually between 8 and 16, Arithmetic with such
numbers typically is inexact, because the result must be rounded (or truncated ) to
the number of digits stored. “RoundofT emror™ is also introduced when a number
such as 143 is entered into the computer, since its decimal representation must be
approximated by a finite number of digits. Fortunately, inaccuracies in floating
point arithmetic seldom cause problems. The numerical notes in this book will
occasionally warn of issues that you may need to consider later in your career.

|PHACTIEE FROBLEMS

Throughout the text, practice problems should be antempred before working the exer-
cises. Solutions appear after each exercise sel.

1. State in words the next elementary row operation that should be performed on the
system in order to solve it. [More than one answer is possible in (a).]

A xj 4 4xs =2y 4 8y = 12 b. xj =3xs + 53 =2x3,= 0
3y =Txs 4 2ug = —4 Xz 4 By = =4
Sx3 = xz= 7T Dy = 13
Xy 4 3y, = =5
xp= 1

2. The angmented matrix of a linear system has been transformed by row operations
into the form below. Determine if the system is consistent

I 5 2 =&
0 4 =7 2
0 0 5 0

3. [s (3.4, =2) a solution of the following system?
S5 = xa4 2= 7
=2y, + 0y + 93 = O
=Tx; + 5x3 = 3xy = =7
4. For what values of i and & is the following system consistent?
2 = xa=h

=fxy 4+ dxs =k
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Solve each system in Exercises 1—4 by using elementary row
operations on the equations or on the augmenied maimx. Follow
the systematic elimination procedure described in this section.

1. .l'|_+5.t}= 7 2. l.f|_+ﬁ\.t1=—3

—2Zy —?I1=—5 le +?I1= 10

3. Find the point {x,. x5 ) that lics on the line x; 4+ 2x, = 4 and
on the line x; — x; = 1. See the figure.

X,

|
x+ 11:1 ;“1\'\-\_

4. Find the point of intersection of the lines x; 4+ 2x, = —13
and 3xy — 2z = 1

Consider cach matrix in Exercises 5 and 6 as the augmented matrix
of a lincar system. State in waords the next two elementary row
operations that should be performed in the process of solving the

system.
[1 —4 -3 0 77
s |01 4 0 6
“fo o 1 o 2
[0 0 0 1 -5
1 —6 4 0 —1]
o -7 0O 4
1o 0o 1 2 =3
[0 0 4 1 2]

In Exercises 7—10, the augmented matrix of a linear system has
been reduced by row operations to the form shown. In cach case,
continue the appropriate row operations and describe the solution
set of the original system.

1 7 3 —4
o 1 -1 3
1o o o 1
[0 0 1 -2
1 —5 4 0 07
0o 1 o 1 o
1o 0o 3 0o o
[0 0 0 2 0
(1 -1 o 0 -5
. o 1 =2 o -7
“fo o 1 -3 2
[0 0 0 1 4

1 i o0 -1 -7
o1 LU T
- oo 1 a 2
o o o 1 -2

Solve the systems in Exercises 11-14.

11. X3 - 5]']_ = —1
Xy + "'.I.'J - 3.1']_ = -2
lr. - T.l'z -+ .T]_=—2

12, Xy —5.T:+"‘Ij = -3
l'l.'| —?.t'l+lr_1 = -2
—l'l.'| - X3 - -lr.f_q = -1

13. x —_ 3]']_ = B
lr. - 11'2 - g‘.'t']_ =

Xx - 5.1:'1 = =2

14, 2xy — fyy = —8

Xz - 2.1:']_ = 3

3I|+6\I1—2]']_=—'i

Determine if the systems in Exercises 15 and 16 are consistent.
Do not completely solve the systems.
15, X - E.Tl =35
Xy — ‘Ll']_ - Iy = o
—x;+ Gxr 4+ M4 S5y =3

—xr+ 53+ 4y =0

6. 2x —dx; =10
3x: + 3xs = 0
xaf 4= —1

I+ +Ind: u= 5

17. Do the three lines 2x; 4 3x; = —1, 6x; 4 50, =0, and
2xy —5xx = 7 have a common point of intersection? Ex-
plain.

18. Do the three planes 2x; + 4x; + 43 = 4, 6 — Ly = =2,
and 2x) + 3x; = 0 have al leasi one common point of infer-
section? Explain

In Exercises 19-22, determine the value{s) of & soch that the
mairix is the augmented matrix of a consisicnt linear system.

1 k4 1 h -5
= [3 3] . [1 —8 6:|

1 4 -2 -4 12 h
- [3 h —6 21[1 —6 —3]

=]

In Exercizes 23 and 24, key staicments from this section are
cither quoted directly, restated slightly (but stll true), or altered
in some way that makes them false in some cases. Mark each
statement True or False, and jussfy your answer. (If tree, give the
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questions will appear in many sections of the text.

23

25,

2.

8

a. Ewvery clementary row operation is reversible.
b A 5= 6 matnx has six rows.
c. The solution set of a lincar system involving variables

XLy - -« - Xq 5 alist of numbers (£, . . ., 5, ) that makes each
oquation in the system a true statement when the valoes
5y, ..., 5, are substitnted for x;. . .., x,. respectively.

d. Two fundamental questions about a linear system involve
existence and unigueness.

a. Two matrices are row equivalent if they have the same
number of rows.

b. Elementary row operations on an aogmented maitrix never
change the solution sct of the associated linear system.

c. Twoequivalent lincar systems can have different solution
sCis.

d. A consistent system of linear equations has one or maore
solutions.

Find an equation involving g. h. and & thar makes
this augmented matrix comespond to 4 consistent system:
1 -4 7 g
0 3 =5 h
- 5 -9 &k

Suppose the system below is consistent for all possible values
of f and g. What can you say about the coefficients ¢ and
d 7 Justify your answer,

2y + 4y = f
exy +dxs =g
Suppose a. b. c. and d are constants such that @ is not zero

and the svstem below is consistent fior all possible values of
f and g. What can you say about the numbers a, b, ¢, and
d 7 Justify your answer,

axy + b= f
exy +dx =g
Construct three different augmented matrices for linear sys-

tems whose solution setis vy = 3, 3, = =2, 13 = —1.

In Exercises 2932, find the elementary row operation that trans-
forms the first matrix into the second. and then find the reverse
row operation that transforms the second matrix into the first.

0 =2 5 i =1 &
M ol1 3 =5[.l1 3 =5

3 -1 6] |0 -2 5

1 03 4771 3 —47
|0 =2 6 0o = &

0 -5 W] |0 1 =2

1 -2 1 0 1 -2 1 0
3. |l 5 -2 E&|.|lo 5 -2 8§

4 -1 3 —i 0 7 =1 —6

1 2 =5 0 1 2 =5 0
2. lo 1 =3 =2 |lo 1 -3 =2

0 4 -1z 7 0 0 o 15

An important concern in the study of heat transfer is to determine
the steady-state temperature distribution of a thin plate when the
temperature around the boundary is known. Assume the plate
shown in the figure represents a cross section of 8 metal beam,
with negligible heat flow in the direction perpendicular o the
plate. Let Ty, ..., Ty denote the temperatunes at the four interior
nodes of the mesh in the figure. The temperature at a node is
approximately equal to the average of the four nearest nodes—io
the left, above, to the right, and below. For instance,

T=(0+20+T+ T4, or 4T, - T, —T, =30

i

10 1 12 e

10 S E2
e

33. Write a system of four eguations whose solution gives esti-
mates for the emperatures Ty, . . ., T,

34. Solve the system of equations from Exercise 33, [Hinr: To
speed up the caleolations, interchange rows 1 and 4 before
starting “replace™ operations. |

3 See Frank M. While, Heof and Mass Trangfer { Reading, MA:
Adilizom-Wisley Publishing, 1991, pp. 145=14%,

SOLUTIONS TO PRACTICE PROBELEMS

1. a. For “hand computation,” the best cholce is to interchange equations 3 and 4.
Another possibility is w0 multiply equation 3 by 1/5. Or, replace equation 4 by
its sum with =175 times row 3. (In any case, do not use the xs in equation 2 1o
eliminate the 4.x; in equation 1. Wait until a triangular form has been reached and
the xy terms and xy terms have been eliminated from the first two equations. )
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b. The system is in irangular form. Further simplification begins with the x4 in the
fourth equation. Use the xy to eliminate all x4 terms above it. The appropriate
step now is 10 add 2 times equation 4 to equation 1. (After that, move o equation
3, multiply it by 1/2, and then use the equation o eliminate the 1y terms above
iL)

Y. The syvstem comesponding o the augmented matrix is
X =+ 5xs 4 2ay = =6
dxy =Tyy= 2
S5x3= 0
The third equation makes 1y = 0, which 1s centainly an allowable value for cy. After
eliminating the xy terms in eguations | and 2, vou could go on o solve for unigue

values for rs and xy. Hence a solution exists, and it is unique. Contrast this situation
with that in Example 3.

A Itis easy to check if a specific hist of numbers 15 a solution. Set ©p = 3, x2 = 4, and
x3 = =2 and find that
53 = M +2H=2= 15= 4= 4=17

Since (3, 4, —2) satisfies the first =224+ B4+ H=2)= =64+ 24 =I8=0
twio cquations, it is on the line of

e iereranctiog of the first tar =T(3) + 5(4) =3[=2)==214+204+ 6=5

planes. Since (3, 4, —2) does not Although the first two equations are satisfied. the third 15 not. s0 (3.4, =2) is not a
satisfy all three equations, it does solution of the system. NMotice the use of parentheses when making the substitutions.
not lie on all three planes. They are strongly recommended as a guard against arithmelic ermors.

4. When the second equation is replaced by its sum with 3 times the first equation, the
svstem becomes

2xj=xs=h
0=k 4+ 3h

If k 4 3k is nomzero, the system has no solution. The system is consisient for any
values of b and & that make & 4 36 = 0.

1.2 ROW REDUCTION AND ECHELON FORMS

This section refines the method of Section 1.1 mnto a row reduction algorithm that will
enable us o analyze any system of linear equations.' By using only the first part of
the algonthm, we will be able o answer the fundamental existence and uniqueness
questions posed in Section 1.1.

The algorithm applics o any matrix, whether or not the matrix 5 viewed as an
augmented matrix for a linear system. 5o the first pan of this section concerns an
arbitrary rectangular matrix and begins by introducing two important classes of matrices
that include the “triangular’” matrices of Section 1.1, In the definitions that follow, a
nonzere row or column in a matrnx means a row or column that contains at least one
nonzero enlry: aleading entry of a row refers 1o the lelimost nonzero entry (in @ nonzero
TOW).

'The algonithm here 15 a varant of whal 5 commonly called Garssion eliminafion. A simakar ehmmation
meethodd For limear systems was used by Chinese mathematicians in about 250 B.C. The process was unknown
in Westerm culiure until the nineleenth century, when a famous German mathematician, Carl Friednch Gauss,
ducovered il A German enginecr, Wilbelm Jordan, populanzed the algorthm in an TESE text on geodesy.
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DEFINITION A rectangular matrix is in echelon form (or row echelon form) if it has the
following three properties:
1. All nomzero rows are above any rows of all zeros.
2. Each leading entry of a row is in a column io the right of the leading entry of
the row above il
3. All entries in a column below a leading entry are zeros.

If a matrix in echelon form satisfies the following additional conditions, then it 15
in reduced echelon form (or reduced row echelon form):

4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero eniry in its column.

An echelon matrix (respectively, reduced echelon matrix) is one that 15 in echelon
form (respectively, reduced echelon form). Property 2 says that the leading entries form
an echelon (“steplike”™) pattern that moves down and w the nght through the matrix.
Property 3 is a simple consequence of property 2, but we include it for emphasis.

The “triangular” matrices of Section 1.1, such as

2 =3 2 1 1 0 0o 29
0 1 =4 8 and 0 1 0o 16
0 0 0 52 0o o 1 3

are in echelon form. In fact, the second matrix is in reduced echelon form. Here are
additional examples.

EXAMPLE 1 The following matrices are in echelon form. The leading entries (w)
may have any nonzero value; the starred entries () may have any value (including ser).

- . . 0 = = = = * * * * *

0 = % o o 0 L A T
o o0 0 0 [T T N T

o o 0 0

0 0 0 0 o o 0 0o 0 I I
o o o 0o 0o 0 0 0 = %

The following mairices are in redoced echelon form becanse the leading entries are 175,
and there are (1's below and above each leading 1.

|

o

Any nonzero matrix may be row redoced (that is, transformed by elementary row
operations) into more than one matrix in echelon form, using different sequences of row
operations. However, the reduced echelon form one obtains from a matrix is unigue.
The following theorem is proved in Appendix A at the end of the ext.

=D =R =]
= =T — ]
=1 N
=== = =]
28 8 8 e
=N =N =N =}
=R = = =]
(== - ]
(=2 == =]
= % ® B W
= % ® B W
Ll = = = =]
*® ® ¥ ® ¥

THEOREM 1 Uniqueness of the Reduced Echelon Form
Each matrix is row equivalent 1o one and only one reduced echelon matrix.
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14 CHAPTER 1 Linear Equations in Linear Algebra

If a matrix A is row equivalent o an echelon matrix 7, we call I an echelon form
{or row echelon form) of A: il U s in reduced echelon form, we call U7 the redoced
echelon form of 4. [Most matrix programs and calculators with matrix capabilities
use the abbreviaton RREF for reduced (row) echelon form. Some use REF for (row)
echelon form.]

Pivot Positions

When row operations on a mairix produce an echelon form, further row operations o
obtain the reduced echelon form do not change the positions of the leading entries. Since
the reduced echelon form 15 unique, the leading entries are always in the same posiions
in any echelon form obtained from a given matrix. These leading entries correspond to
leading 175 in the reduced echelon form.

DEFINITION A pivot position in a matrix A is a location in A that corresponds 1o a leading 1
in the reduced echelon form of 4. A pivet column is a column of A that contains
a pivol position.

In Example 1. the squares (®) identify the pivol positions. Many fundamental
concepts in the first four chapters will be connected in one way or another with piviot
positions in a matrix.

EXAMPLE 2 Row reduce the matrix 4 below to echelon form, and locate the pivol
columns of A.

0 =3 =68 4 G
=l =2 =1 3 1
=2 =3 0 3 =l

I 4 5 =9 =7

A=

SOLUTION Use the same basic strategy as in Section 1.1. The twop of the lefimost
nonzero column is the first pivid position. A nonzero eniry, or pived, must be placed
in this position. A good choice 15 o interchange rows | and 4 (because the mental
computations in the next step will not mvolve fractions).

=1 =2 =1 3 1
=2 =3 0 3 =1
0 =3 =6 4 ‘}J

1— Pivot column
Create zeros below the pivot, 1, by adding multiples of the first row 1o the rows below,

and obtain matrix (1) below. The pivol position in the second row must be as far left
as possible—namely, in the second column. Choose the 2 in this position as the next

pivoL
Fivist
4J 5 =8 =7
2 4 =6 =hf

5 10 =15 =15
=3 =i 4 9

L Mext pivot column

Pivot
|-J 4 5 =9 —';r'l

(0

== —
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Add =572 times row 2 o row 3, and add 372 times row 2 o row 4.

1 4 5 =9 =7
0 2 4 —6 —6
(2)
0 0 0 0 0
0 0D 0 =5 0

The matrix in (2) is different from any encountérad in Section 1.1, There 15 no way to
create a leading entry in column 3! (We can't use row 1 or 2 becanse doing so would
destroy the echelon arangement of the leading entries already produced.) However, if
we interchange rows 3 and 4, we can produce a leading entry in column 4.

— Pivot
I 4 5 =9 =7 B s ok % %
0 2 4 —6 -6 General form: 0 N * * *
0 0 0 =510 ) B 0 0 0 L.
0o o0 0 0 0 o0 o 0 0o O
1 t t Pivot colomns

The matrix is in echelon form and thus reveals that columns 1, 2, and 4 of A are pivit

columns. .
Pivod positicns

0-—=3 -6 4|9
-1 =21 3|1

A=1_ 3 0o 3da (3)
| 4 5 =0 =7
i 1 t Pivot columns |

A pivol, as illustrated in Example 2. is a nonzero number in a pivod position that is
used as needed to create zeros via row operations. The pivots in Example 2 were 1, 2,
and =5. Motice that these numbers are not the same as the actual elements of A in the
highlighted pivot positions shown in (3).

With Example 2 as a goide, we are ready 1o describe an efficient procedure for
transforming a matnix into an echelon or reduced echelon matnx. Careful study and
mastery of this procedure now will pay rich dividends later in the course.

The Row Reduction Algorithm

The algonthm that follows consists of four steps, and it produces a matrix in echelon
form. A fifth step produces a matrix in reduced echelon form. We illustrate the algorithm
by an example.

EXAMPLE 2 Apply elementary row operations 1o transform the following matrix
first into echelon form and then into redweed echelon form:

0 3 =6 6 4 =5

3 =7 8 =5 8§ 9

=9 12 =9 &6 |15

SOLUTION

STEP 1

Begin with the lefimost nonzero column. This is a pivot column.  The pivot
position is at the wop.
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L] 3 =f 3] 4 =5
3 =7 E =5 & 9
3 =9 12 =9 & 15
- Fivot column

STEP 2

Select a nonzero entry in the pivot column as a pivol. If necessary, interchange
rows 1o move this entry into the piviol position.

Interchange rows 1 and 3. (We could have interchanged rows | and 2 instead. )

Pivot
E-EQ 12 =9 & 15

3 =7 E =5 B &
0 3 =6 6 4 =5

STEP 3
Use row replacement operations to create #eros in all positions below the pivol.

As a preliminary step, we could divide the top row by the pivor, 3. But with two 3%s in
column 1, il i% just as easy 0 add =1 tmes row 1 o row 2.

Pivot
3-|:3l 12 =9 & 15
L] 2 =4 4 2 =6
0 3 =6 6 4 =5

STEP 4

Cover (or ignore) the row containing the pivot position and cover all rows, if any,
above it. Apply steps 1-3 o the submatrix that remains. Repeat the process until
there are no mone nonzero rows o modify.

With row 1 covered, step | shows that column 2 is the next pivot column; for step 2,
select as a pivol the “top” entry in that column.

Piviot
3 =9 |12 =9 & I5
0 1J-4 PR
0

3 =6 6 4 =5
t_ Mew pivot column

For step 3, we could insert an optional step of dividing the “top” row of the submatrix by
the pivol, 2. Instead, we add =32 times the “top™ row to the row below. This prodoces

-4 4 —6

=3 12 =9 & 15
2
o o 1 4

3
0
0

=1 8}
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When we cover the row containing the second pivot position for step 4, we are left with
a new submatrix having only one row:

3

0

0 1= 4
_I— Pivot

Steps 1-3 require no work for this submatrix, and we have reached an echelon form of
the full matrix. If we want the reduced echelon form, we perform one more step.

STEP 5

Beginning with the rightmost pivol and working upward and to the left, create
zeros above each pivol. If a pivol is not 1. make it | by a scaling operation.

The rightmost pivol is in row 3. Create zeros above it adding suitable multiples of row
Jwrmows2and 1.

[3 =9 12 =9 0 =9 - Row 1 4 (—6) - row 3
0 2 =4 4 0 =14 w— Row 2 4 (=2} - row 3
o o o o 1 4

The next pivol is in row 2. Scale this row, dividing by the pivoL

[3 =9 12 =9 0 =9
0 1 =2 2 0 =7 =— Row scaled by %
_'D 0 o 0 | 4

Create a zero in coluomn 2 by adding 9 times row 2 1o row 1.

I 0 =6 9 0 =72 w— Row 1 4 (9) - row 2
0 1 =2 2 0 =7
o o o o 1 4

Finally. scale row 1. dividing by the pivot, 3.

1 0 =2 3 0 =24 = Row scaled by 4
01 =2 2 0 =7
o o 0o o 1 4
Thas is the reduced echelon form of the onginal matrix. ]

The combination of steps 1-4 is called the forward phase of the row reduction
algorithm. Step 5. which produces the wnigue redoced echelon form. is called the
backward phase.

MUMERICAL NOTE

In step 2 above, a computer program usually selects as a pivot the entry in a
column having the largest absolute value. This strategy, called partial pivoting,
i5 used because it reduces roundoff errors in the calculations.
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Solutions of Linear Systems

The row reduction algorithm leads directly 1o an explicit deseription of the solution set
of a linear system when the algorithm is applied to the augmented matrix of the system.

Suppose, for example, that the angmented matrix of a linear system has been
changed into the equivalent reduced echelon form

I 0 =5 1
o 1 1 4
o 0 o 0

There are three variables because the augmented matric has four columns. The
associated system of equations is
X =-S5xy =1
X4 xy=4 i4)
0 =0
The variables x; and x; corresponding to pivot columns in the matrix are called basic
variables? The other variable, x5, is called a free variable.
Whenever a system is consistent, as in (4), the solution set can be described
explicitly by solving the reduced system of equations for the basic variables in terms of
the free variables. This operation is possible because the reduced echelon form places

each basic variable in one and only one equation. In (4). solve the first equation for x,
and the second for vz, (Ignore the third equation; it offers no restriction on the variables.)

xi=14<45xz
n=4-=x (5)
xy 15 free

The statement “xy is free™ means that you are free to choose any value for xy. Once
that 1s done, the formulas in (5) determine the values for x; and x,. For instance, when
x3 = 0, the solution is (1,4, 0); when x3 = 1, the solution is (6, 3, 1). Each different
choice of x3 determines a (different) solution of the system, and every solution of the
system ix determined by a choice of xs.

EXAMPLE 4 Find the general solution of the linear sysiem whose augmented ma-
trix has been reduced o

I 6 2 =5 =2 =4

0 0 2 = =1 3

O o o o 1 7
SOLUTION The matrix is in echelon form, bui we wani the redoced echelon form

before solving for the basic variables. The row reduction s completed next. The symbol
~ before a matrix indicates that the matrix 15 row equivalent (o the preceding matrix.

[1 6 2 =5 =247 [1 6 2 =5 0 107
0 0 2-8-1 3|~|0 0 2-8 0 10
o o 0o 0o 1 7/ [0 0 0 0O 1 7T
[1 6 2=5 0 1] [1 6 0 3 0 0]
~fo 0 1 -4 0 5[~]0 0 1 =4 0 5
o 0 0 0 1 7] |0 0 0 0 1 7]

ISome lexis use the term feading variables becanse they comespond to the columns containing keading
enkries.
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There are five variables because the angmented matrix has six columns. The associated
SYSlem now 1s

xp4+bxa <+3xyg =0
Xy =4x;, =5 (6)
xXg =17
The pivol columns of the matrix are 1, 3, and 5, so the basic variables are x;, xy, and

x5. The remaining variables, xs and xy. must be free. Solve for the basic variables to
obtain the general solution:

Xy = =bys = 3x,

X5 15 free
xy =54 4x, (7)
Xy 15 free
x5 =7
Note that the value of xs is already fixed by the third equation in system (6). |
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Parametric Descriptions of Solution Sets

The descriptions in (5) and (7T) are parametric desoriptions of solution sets in which
the free variables act as parameters. Solving a svsfem amounts to finding a parametric
description of the solution set or determining that the solution sel 15 emply.

Whenever a system is consistent and has free variables, the solution set has many
parametric descriptions. For instance. in system (4), we may add 5 times equation 2 to
equation | and obtain the equivalent system

x1 + Sxz = 21
Xz 4 xy5= 4
We could treat x; as a parameter and solve for xy and x5 in terms of xs. and we would
have an accurate description of the solution set. However, to be consistent, we make the
{arbitrary ) convention of always using the free variables as the parameters for describing
a solution sei. (The answer section ai the end of the text also reflects this convention. )

Whenever a system is inconsistent, the solution set is empty, even when the system
has free variables. In this case, the solution set has ne parametric representation.

Back-Substitution

Consider the following system, whose angmented matrix is in echelon form but is mos
in reduced echelon form:
x = Txz 4 2xs = 5xy 4 Bxs = 10
x3 =3xy $ 3y 4 xg==5

Xy = xg= 4

A computer program would solve this system by back-substitution, rather than by com-
puting the reduced echelon form. That is, the program would solve equation 3 for x, in
terms of xg and substitute the expression for xy into equation 2, solve equation 2 for xa,
and then substitute the expressions for xs and xg mnto equation 1 and solve for .

Our matrix format for the backward phase of row reduction, which produces the re-
duced echelon form, has the same number of arithmetic operations as back-substitution.
But the discipline of the matrix format substantially reduces the likelihood of errors
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during hand computations. The best strategy is to use only the reduced echelon form
o solve a system! The Study (ruide thal accompanies this text offers several helpful
sugeestions for performing row operations accurately and rapidly.

— NUMERICAL NOTE

In general, the forward phase of row reduction takes moch longer than the
backwand phase. An algorithm for solving a system is usually measured in fops
{or floating point operations). A flop is one arithmetic operation (4, —. = /)
om two real Aoating point numbers? For an n x (n 4 1) matrix, the reduction
to echelon form can take 2n "fl + nsz = Tn/6 fops (which is approximately
2n* /3 flops when n is moderately large—say, m > 30). In contrast, further
reduction to reduced echelon form needs at most &2 flops.

Existence and Uniqueness Questions

Although a nonreduced echelon form is a poor tool for solving a system, this form is
just the right device for answering two fundamental questions posed in Section 1.1.

EXAMPLE & Determine the existence and unigueness of the solutions o the system

3xz = Gxs 4 Oxg 4 dxzs = =5
3y =Txz 4+ Bxy =S5x; 4+ Bxg= 9
3x) = Oxs = 12x5 = 9xy &+ b = 15

SOLUTION The angmented mairix of this system was row reduced in Example 3 o

3 -9 12 =9 & 15
0 2 =4 4 2 =6 (8)
0o 0 0 0 1 4

The basic varables are x;, xs, and xg; the free variables are x3 and x3. There s no
equation such as 0 =1 that would indicate an inconsistent system, so we could wse
back-substitution o find a solution. But the existence of a solution is already clear
in (8). Also, the solution is mot wnigue because there ane free variables. Each different
choice of x3 and x; determines a different solution. Thus the system has infinitely many
solutions. [ |

When a svstem is in echelon form and contains no eguation of the form 0 = b, with
b nonzero, every nonzero equation contains a basic variable with a nonzero coefficient.
Either the basic variables are completely determined (with no free variables) or at least
ome of the basic variables may be expressed in terms of one or more free variables. In
the former case, there is a unigue solution: in the latter case, there are infinitely many
solutions {one for each choice of values for the free vanables).

These remarks justify the following theorem.

*Traditiomally, a flop was only a multiplication or division, because addition and sublraction ook much less
time and could be ignored. The definition of fop given here & prefemed now, as 3 resull of advances in
computer archilecture, See Golub and Van Loan, Matriic Compatations, Znd ed. {Balimore: The Johns

Hopkins Press, 1989), pp. 19=211
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THEOREM 2 Existence and Unigqueness Theorem
A linear system is consistent if and only if the nghtmost column of the avgmented
matrix is mor a pivol colomn—that s, if and only if an echelon form of the
augmented matrix has ne row of the form

[0 -« O B] with b nonzern

If a linear system is consistent, then the solution set contains either (i) a unigque
solution, when there are no free variables, or (i) infinitely many solutions, when
there is al least one free variable.

The following procedurs outlines how to find and describe all solutions of a linear
SVSLEm.

USING ROW REDUCTION TO SOLVE A LINEAR SYSTEM
1. Write the augmented matrix of the system.

2. Use the row reduction algorithm to obtain an equivalent angmented matrix in
echelon form. Decide whether the system is consistent. If there is no solution,
stop: otherwise, go to the next step.

Y. Continue row reduction to obtam the reduced echelon form.

=

Write the system of equations cormesponding to the matrix obtamed in step 3.

5. Rewrite each nonzero equation from step 4 so that its one basic variable is
expressed in terms of any free variables appearing in the equation.

PRACTICE PROBLEMS

1. Find the general solution of the linear system whose augmented matrix is
I =3 =5 0
o 1 1 3

2. Find the general solution of the system

X =2y = 34 3x;=0
=2xy 4 dxs 4 Sxy =55y =3
3xp =Hxr = 6Bx3 4 Bag =2

1.2 EXERCISES

In Exercises 1 and 2. determine which matrices are in reduced
echelon form and which others are only in echelon form.

._
"]
P —|
=28 =
(= =]
-
=0 Qo
| E—
=
—
===
(= —]
I
Ll = =]
| I
n
[=J = =]
= =T ]
=28 =8
===
== -]
(=1 = ]
===
D b
[ T
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1 o 1 1 1 o o 0
La 0O 1 1 1| ®w|o 2 @0 0
0 o 0 0] o o 1 1
0 0 0 07
A
1o o 1 o
0o o 0 1]
o0 1 1 1 1
o o0 1 1 1
Al o o o 1
(0 0 0 0 0

Row reduce the matrices in Exercises 3 and 4 to reduced echelon
form. Circle the pivot positions in the final matrix and in the
original matrix, and list the pivot columns.

1 4 8 1 2 4 5
|2 4 6 8 4. |2 4 5 4
i 6 9 12 4 5 4 12

5. Describe the possible echelon forms of a nonzern 2 = 2
matrix. Use the symbols 8, =, and 0, as in the first part of
Example 1.

6. Repeat Exercise 5 for a nonzero 3 = 2 matrix.

Find the general solutions of the systems whose angmented ma-
frices are given in Exercises 7—-14.

(1 3 4 7 [ R .-
e 3 9 7 E:| % -3 7 0 9}
[0 1 —2 3 [ 1 -2 —1 4
> [1 -3 4 —E:| 10 | -2 4 -5 E:|
SRR
. |9 —6 12 0 1%
S % & o 00 0 1 -7
L o 0o o 0 1
(1 =3 0 —-1 0 =27
o 1 0 0 —4 1
B-lo 0 0 1 9 4
0 0 0 0 0 0]
(1 0o -5 0 —& 37
o1 4 -1 0 &
Blo o o o 1 o
0 0 0 0 0 0]

Exercises 15 and 16 use the notation of Example | for matrices
in echelon form. Suppose cach matrix represents the augmented
matrix for a system of linear equations. In each case, determine if
the system is consistent. If the system is consistent, determine if
the solution is unigue.

u ® * *
15. a o [ ] * *
o 0 I 0

0 = * *

i % [1] (] [ ] *

o 0 0 ] 0

The Pslamia Aniversity of Wabawalpur
The Department of Physics

= * =
16, a. o u ®
o o L

L * = * *

b. ] o L} * *

o o o ] *

In Exercises 17 and 18, determine the valuei(s) of k such that the
miatrix is the augmented matrix of a consistent linear system.

1 -1 4 I -3 1
1 [—1 3 h] 18 [h b —z]
In Exercises 19 and 20, choose h and k such that the system has (a)

no solution, (b) a unigue solution, and (c) many solutions. Give
separate answers for cach part.

19. X + h]’] =2 2.
".T. + Sﬂ'] = k

X — 3]’1 =1
1]’. + h]’_‘t = k

In Exercises 21 and 22 mark each statement True or False. Justify
each answer*

2l. a In some cases, a matrix may be row redeced to more
than one mairix in reduced echelon form, using different

sequences of row operations.

b. The row redoction algorithm applies only o angmented
mairices for a linear system.

. A basic variable in a linear system is a varighle that
corresponds to a pivot column in the coefficient matrix,

d. Finding a parametric description of the solution set of a
linzar system is the same as sofving the system.

c. If one row in an echelon form of an augmented matrix
is[0 @ 0O 5 0], then the associated lincar system is
inconsistent.

21, a. The reduced echelon form of a matrix is unique.

b. Ifevery column of an augmented matrix contains a pivot,
then the cormesponding system is consistent.

¢. The pivot positions in a matrix depend on whether row
interchanges are used in the row reduction process.

d. A general solution of a system is an explicit description
of all solotions of the system.

. Whenever a system has free vaniables, the solution set
contains many solutions.

23, Suppose the cocfficient matrix of a lincar system of four
equations in four varables has a pivol in each column. Ex-
plain why the system has a unigue solution.

24, Suppose a system of linear equations has a 3 = 5 augmented
matrix whose fifth column is not a pivot column. Is the
sysicm consistent? Why (or why not)?

4 Truefalse questions of this type will appear in many sections. Methods
fior pustilying your answers were described before Exercises 23 and 24 m
Section 1.1.
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1.3 VECTOR EQUATIONS

Impaortant properties of linear systems can be described with the concept and notation
of vectors. This section connects equations involving vectors o ordinary systems of
equations. The term vector appears in a variety of mathematical and physical contexis,
which we will discuss in Chapter 4, “Vector Spaces.” Until then, vector will mean an
owvaered list of mombers. This simple idea enables us to gel o interesting and important
applications as quickly as possible.

Vectors in B2

A matrix with only one column is called a column veetor, or simply a veetor. Examples
of vectors with two entries are

(3] =[] v=[4]

where wy and w4 are any real numbers. The set of all vectors with two entries is denoted
by B (read “r-two™). The B stands for the real numbers that appear as entries in the
vectors, and the exponent 2 indicates that each vector conlains Iwo entries.”

Two vectors in B are equal if and only if their coresponding entries are equal.

Thus [:] and [Ij| are not equal, because vectors in B! are ordered pairs of real

numbers.
Given two vectors wand v in B, their sum is the vector u + v obtained by adding
comesponding entries of w and v. For example,

[+ [E]-[%3]-[3]

Given a vector u and a real number ¢, the scalar multiple of u by ¢ is the vector cu
obtained by multiplving each entry in u by ¢. For instance,

. uz[_ﬂ and c=5  then ru=5[_ﬂ=[iﬂ

ndost of the lext concerms vectors and matrices thal have only real eatries. However, all definitions and
theorems in Chapters 1=5_ and in most of the rest of the ext, remain valid if the entries are complex
numbers. Complex vectors and matrices arise naturally. for example, m elecincl engmeering and physscs.
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The number ¢ in cu is called a scalar; it is written in lightface type to distinguish it from
the boldface vector u.

The operations of scalar multiplication and vector addition can be combined, as in
the following example.

EXAMPLE 1 Givenu = [_l] and v = [_g'] find 4u, (=3)v. and 4u + (=3)v.
SOLUTION
4 -6
4u=[_8]_ (—3)v=[ |5]
and
41, [-61_[-2
wscom=[ 2]+ [2]=[] :

Sometimes, for convenience (and also to save space). this text may write a column
vector such as [_7 ] in the form (3. =1). In this case. the parentheses and the comma
distinguish the vector (3. =1) from the | x 2 row matrix [ 3 =1 |, written with brackets

and no comma. Thus
3
2]+ -1
because the matrices have different shapes. even though they have the same entries.

Geometric Descriptions of R?

Consider a rectangular coordinate system in the plane. Because each point in the plane
is determined by an ordered pair of numbers, we can identify a geometric point (a.b)

. a i
with the column vector b | So we may regard R? as the set of all points in the plane.
See Fig. 1. )
Xy X
©(2,2) *(2,2)
Xl B
2.-1) 6.0 2.-1) 6.0
FIGURE 1 Vectors as points. FIGURE 2 Vectors with arrows.

1
an arrow (directed line segment) from the origin (0, 0) to the point (3, =1). as in Fig. 2.
In this case. the individual points along the arrow itself have no special significance.?
The sum of two vectors has a useful geometric representation. The following rule
can be verified by analytic geometry.

The geometric visualization of a vector such as J is often aided by including

21n physics, arrows can represent forces and usually are frée to move about m space. This interpretation of
vectors will be discussed in Secton 4.1,
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Parallelogram Rule for Addition

If u and v in B? are represented as points in the plane, then u + v corresponds o
the fourth vertex of the parallelogram whose other vertices are o, 0, and v. See
Fig. 3.

(5]

all +v¥

x
0 1

FIGURE 3 The parallelogram rule.

EXAMPLE 2 Thevectorsn = [E]H = [_?],undu V= [_:] are displayed

in Fig. 4.

FIGURE 4

The next example illustrates the fact that the set of all scalar multiples of one fixed
nongero veclor is a line through the origin, (0. 0).

EXAMPLE 3 Lein= [_f ] Display the vectors u, 2u, and —%u on a graph.

i
SOLUTION See Fig. 5, where u, 2n = [_1 j| ill'l'll—%l.l = [ j| are displayed. The

-2
/3
arrow for 2o is twice as long as the arrow for w, and the arrows point in the same
direction. The arrow for —%u is two-thinds the length of the arrow for w, and the amows

point in opposile directions. In general. the length of the arrow for co s |o| imes the

3 o
2
-5
¥ L 0 H"H-\_\_\_\_
= oy )
u uw
u
.
Tymcal mulliples ol u The set ol all multiples of u
FIGURE 5
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x5 length of the arrow for u. [Recall that the length of the line segment from (0.0) to (a. b)
is v'a* 4 b*. We shall discuss this further in Chapter 6.] ]
bﬁ Vectors in R?
Vectors in R* are 3 x | column matrices with three entries. They are represented geo-
~ metrically by points in a three-dimensional coordinate space. with arrows from the ori-
2
‘i gin sometimes included for visual clarity. The vectors a = | 3 | and 2a are displayed
> 1 4
e % inFig.6.
FIGURE 6 N 2
Scalar multiples . Vectors in R
If n is a positive integer, R" (read “r-n") denotes the collection of all lists (or ordered
n-tuples) of n real numbers, usually written as n x | column matrices, such as
uy
3
u=
Uy

The vector whose entries are all zero is called the zero vector and is denoted by 0.
(The number of entries in 0 will be clear from the context.)

Equality of vectors in B and the operations of scalar multiplication and vector
addition in R" are defined entry by entry just as in R, These operations on vectors
have the following properties. which can be verified directly from the corresponding
properties for real numbers. See Practice Problem | and Exercises 33 and 34 at the end
of this section.

Algebraic Properties of R"
For all u, v, w in R” and all scalars ¢ and d:
(HJudv=v4u (V) clu4v)=cu+cv
e (i) (u+v)+w=u+(v+w (vi) (¢ + d)u =cu+du
(i) u+0=04+u=u (vii) c(du) = (cd)(u)
LAY
(V) u (=u) ==u+u=0 (viti) lu=u
where =u denotes (=1)u
i
. For simplicity of notation. a vector such as u 4 (=1)v is often written as u = v.
é Figure 7 shows u = v as the sum of u and —=v.
-y
fu-v a . .
Linear Combinations
FIGURE 7
Vector subtraction. Given vectors vy, Va. . .., vp in R" and given scalars ¢, ¢5. . ... ¢ p. the vector y defined
by

y =1V +"' +CP"P

is called a linear combination of vy..._. v, with weights ¢;..... ¢p. Property (ii)
above permits us to omit parentheses when forming such a linear combination. The
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weights in a linear combination can be any real numbers, including zero. For example,
some linear combinations of vectors vi and v are

VIVid Ve, fvi(=5vi40v), and 0 (= 0v; + 0vs)
EXAMPLE 4 Figure 8 identifies selected linear combinations of v, = [_: } and

2
Vi =I_ . (MNote that sets of parallel grid lines are drawn through integer multiples of
¥:.) Estimate the linear combinations of v; and v; that genemite the vectors n

Vi an
and w.

FIGURE 8 Linear combinations of v, and v;.

SOLUTION The parallelogram rule shows that v is the sum of 3v; and —=2wva; that is,
U= 3vy; = 2v,

This expression for u can be interpreted as instructions for traveling from the origin
o u along two straight paths. First, travel 3 units in the vy direction o 3v, and then
traviel =2 units in the v; direction (parallel 1o the line through v and 0). Next, although
the vector w is not on a grid line, w appears o be about halfway between two pairs of
grid lines, at the venex of a parallelogram determined by (5/2)v; and (=1/2)vs. (See
Fig. 9.) Thus a reasomable estimate for w is

wo=3v;=1v, ]

FIGURE 9 B

The next example connects a problem about linear combinations to the fundamental
existence question studied in Sections 1.1 and 1.2.

1 2 )
EXAMPLES Letay=|=2|.a:=]|5|.andb= 4 |. Determine whether
=5 6 =3

b can be generated (or written) as a linear combination of a; and as. That is, determine
whether weights xy and xs exist such that

xiaj +x:az=hb (1
If vector equation (1) has a solution, find it

SOLUTION Use the definitions of scalar multiplication and vector addition to rewrite
the vector eguation

1 2 7
xi| =2 | 4+x:| 5| = 4
=5 i =3

t t i

a a; b
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which 1s the same as

X 2xs 7
=21y | 4| 552 | = 4
=3x| fxs =3
and
X4 2xs 7
=2xi 451 | = 4 (2)
=5x) 4 6xs =3

The vectors on the left and right sides of (2) are equal if and only if their corresponding
entries are both equal. That is. x; and xs make the vector equation (1) true if and only
if &y and xs satisfy the system

Xy 4 2xy =

=2x; 4 514 (3)
=5 4 bry = =3
To solve this system, row reduce the augmented matrix of the system as follows:3

1 2 7 1z 7 1 2 7 I o 3
=2 5 4|~|0 9 BE|~|0 1 2]~|0 1 2
=5 6 =3 0o 16 32 0 16 32 0o 0 o0

The solution of (3) 15 ¥ = 3 and x5 = 2. Hence b is a linear combination of a; and as.
with weights x; = 3 and xy = 2. That is,

1 2 7
| =2|+2|5|=| 4 u
-5 6 -3

Observe in Example 5 that the original vectors a;, a3, and b are the columns of the
augmented matrix that we row reduced:

1 2 7
=2 5 4
-5 Hh =3

bt ot
3 a; b

For brevity, write this matrix in a way that identifies its columns —namely,
[a, ay b )

It is clear how to write this augmented matrix immediately from vector equation (1),

without going through the mtermediate steps of Example 5. Take the vectors in the

order in which they appear in (1) and put them into the columns of a matrix as in (4).
The discussion above 15 easily modified w establish the following fundamental fact.

A vector equation
xylly 4 xady 4o xpdm, =h

has the same solution set as the linear system whose augmented matrix is
[40 & - a b (5)

In particular, b can be generated by a linear combination of &g, . . . 8y if and only
if there exists a solution to the linear system corresponding to the matrix (5).

FThe symbol ~ belween malnces demles row equavalence (Sectson 1.2)
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Ome of the key ideas in linear algebra 15 o study the set of all vectors that can be
generated or writlen as a linear combination of a fixed set {vi._._, ¥p i of vectors.

DEFINITION If vy..... v, are in R", then the set of all linear combinations of v,... .. -
is denoted by Span{vy, ... . ¥p} and is called the subset of B" spanned (or
generated) by vy, ... v, That is, Span{v. ... Vpi is the collection of all
vectors that can be written in the form

¥+ caVa - 0p¥p

Asking whether a vector b is in Span {vy.. .., ¥p} amounts o asking whether the
vector equation

v+ xaved o apg¥, =b

has a solution, or, equivalently, asking whether the linear system with augmented matrix
[¥i =+« ¥p b]hasasolution

Mote that Span{¥i,....vp] contains every scalar multiple of vi (for exam-
plel, since v = vy 4 0v2 4 -+ 4+ 0vp.  In particular, the #ero vector must be in
Span {vi. ..., ¥pl.

A Geometric Description of Span{v} and Span {u, v}

Let v be a nonzero vector in Y. Then Span {v! is the set of all scalar multiples of ¥,
which is the set of points on the line in B through v and 0. See Fig. 10

If u and v are nonzero vectors in B*, with v not a multiple of u, then Span {u, v} is
the plane in B* that contains u, v, and 0. In particular, Span {u, v} contains the line in
R? through u and 0 and the line through v and 0 . See Fig. 11.

.'I::
3
Span{v}
2

.:L'J .'I:!
FIGURE 10 Span [v} as aline FIGURE 11 Span o, v} a5 a
throogh the origin. plane through the origin.

| 5 =3

EXAMPLEG Let ap=|=2|, aa= (=13, and b=| & | Then
3 -3 |

Span {a; . 28;} is a plane through the origin in B*. Is b in that plane?
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SOLUTION Does the equation xja; 4 xxaa = b have a solution? To answer this, row
reduce the augmented matrix [8; az b):

l 5 =3 1 5 =3 I 5 =3

=2 =13 EB|~|0 =3 2l ~|0 =3 2

3 =3 1 0 =18 10 o o =2
The third equation is (0 = =2, which shows that the system has no solution. The vector
equation x;a; 4 xa8; = b has no solution, and so b is not in Span {a;. a:§. [ |

Linear Combinations in Applications

The final example shows how scalar multiples and linear combinations can arise when
a quantity such as “cost” is broken down into several categories. The basic principle for
the example concerns the cost of producing several units of an item when the cost per
unit is known:

fnumber| | cost | _ froul]

| of units | | perunit| — | cost |

EXAMPLE 7 A company manufactures two products. For $1.00 worth of product
B, the company spends 545 on materials, 5.25 on labor, and 5.15 on overhead. For
51,00 worth of product C. the company spends 5.40 on materials. 5.30 on labor, and
£.15 on overhead. Let

45 A0
h=| .25 and ¢ = | .30
15 A5

Then b and ¢ represent the “costs per dollar of income™ for the two products.

a. What economic inerpretation can be given o the vector 100bh?

b. Suppose the company wishes (0 manufacture x; dollars wonh of prodect B and
x3 dollars worth of product C. Give a vector that describes the various costs the
company will have (for materials, labor, and overhead).

SOLUTION
a. Compute
45 45
100b = 00| .25 | =| 25
15 15

The vector 100b lists the various costs for producing 5100 worth of product
B —namely, 345 for materials, 525 for labor, and 515 for overhead.

b. The costs of manufacturing xy dollars worth of B are given by the vector x b, and
the costs of manufacturing x; dollars worth of C ane given by xae. Hence the total
costs for both products are given by the vector xgb + rae. [ ]

PRACTICE PROBLEMS

1. Prove that w4 ¥ = v 4 u for any u and v in R".
2. For what valoe(s) of i will ¥ be in Spanfvi. vz, va} if

| 5 -3 -
vi=| =1]. va= | =4 |, Vi = 1. and ¥= 3
-3 -7 h
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In Exercises | and 2, compute u + ¥ and u — 2v.

—1
-

L=<

—3
—1

3
-

| eeee[]

In Exercises 3 and 4. display the following vectors using arrows
on an xy-graph: w, v, —v, —2v_. u + v. u — v, and w — 2v. Notice
that w — v is the venex of a parallelogram whose other vertices are

w0, and —v.

3. wand v as in Exercise |

4. uand v as in Exercise 2

In Exercises 5 and 6. write a system of equations that is equivalent
ko the given vector equation.

3 5 2
5. Xj -2 +.l'_! 0 = —3
| 8 -9 8
[ 3 7 -2 0
6. x| +=[3)+={7]=[c]
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In Exercises 13 and 14, determine if b is a lincar combination of
the vectors fiormed from the colomns of the matric A.

ul

14.

16,

[ 1 —4 27 [ 37
A= > 3 5|.b=]-T7
| -2 B —4 ] | —3
1 0 5 [ 2
A=| =2 I -6 |.h=| —1
| 0 2 8 | 6
[ 17 [ —57] [ 3]
Leta, = il,a,=| -8 |,andb = | -5 |. For what
| —1 | 2] i .il_
value(s) of & is b in the plane spanned by a, and a,7?
[ 17 [ —27 " k]
Letv, = 0l,v= l |,andy = | —3 |. For what
-2 7 -5

value{s) of & is ¥ in the plane generated by v; and va?

In Exercises 17 and 18, list five vectors in Span (v, v; . For cach
vector, show the weights on v, and v, used to generate the vector
and list the three entries of the vector. Do not make a sketch.

17.

19.

21.

3 —4
Yy = | . ¥y = i
2 1
[ 17 -2
Yy = 1. ¥ = 3
-2 0
Give a geometric description of Span { v, ¥3; for the vectors
[ 87 12
v = 2 | and vy = 3
—f -4

. Give a geometric description of Span {v,, ¥3; for the vectors

in Exercise 18,

wee 3] o] 1]

Span {u, v} for all i and k.

. Construct a 3 = 3 matrix A. with nonzero eniries, and a vecior

b in B? such that b is mor in the set spanned by the columns

of A.
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| SOLUTIONS TO PRACTICE PROEBLEMS

1. Take arbitrary vectors 0 = {uy. ..., iy ) and ¥ = (uy, ..., v,) in B, and compute
W ¥ =gy, ... 6,4y Definition of vector addition
= vy 4 Wj,.... U * by Commuiativity of addition in B
=¥v+4u Definition of vector addition
2. The vector ¥ belongs to Span {vi. va, vs} if and only if there exist scalars xy, x2. x3
such that
1 5 =3 -
x| =l | 4 xa| =4 | + a3 1| = 3
=2 =7 0 h

This vector equation is equivalent to a system of three linear equations in three
unknowns. If vou row redoce the augmented matrix for this system, you find that

sl _ 1 5 =3 =4 1 5 =3 =4 1 5 =3 =4
The points | 4 | Tie on afine -1 =4 1 3|~|o 12 <1 |~|0 1 -2 -
i
that intersects the plane when =1 =1 0 h ¢ 3 -6 h-8 ¢ 0 0 k=5
h =5 The system is consistent if and only if there is no pivol in the fourth column. That

is, i = 5 must be 0. So ¥ is in Span {v;. v, vy} if and only if i = 5.

Remember:  The presence of a free variable in a system does not guarantes that the
SVSLem is consisient.

1.4 THE MATRIX EQUATION Ax=b

A fundamental idea in linear algebra is to view a linear combination of vectors as the
product of a matrix and a vector. The following definition permits us to rephrase some
of the concepts of Section 1.3 in new ways.
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DEFIMITION If A is an m = n matrix, with columns a;. ., 8,. and if x is in B", then the
product of 4 and x. denoted by Ax is the linear combination of the columns
of A using the corresponding entries in X as weights; that is,

X
.“1=[Il|_ ay e j.] = xjfj 4 Xalls 4 -0 4 Xy

An

Mote that Ax is defined only if the number of columns of A equals the number of entries
in X.

EXAMPLE 1

o2 --{sj]u[_ J+]

4 2 =3 g =21 =13
[ ] =4 B +7 0= 32| 4+ 0= 32 ]
2 ~20 14 -6

=
LY - T ]

EXAMPLE 2 Forvi.v: v:in B™, write the linear combination 3vy = 5v: 4 Twvs as
a matrix mes a veclorn.

SOLUTION Place v, ¥z, ¥y into the columns of a matrix 4 and place the weights 3, =5,
and 7 into a vector x. That is,

3
31.'.—51.'1+?|.'_1,=[1.', ¥s v;] =5 | = 4Ax [ |

Section 1.3 showed how to write a system of linear equations as a vector eguation
involving a linear combination of vectors. For example, the system
X4 2y = 3 =4
=5xs 4 3xy =1

Ll e

As in Example 2, the lincar combination on the left side is a matrix times a vector, so

that (2} becomes
X1
1 A | 4
[4] -5 3] 2 =[I] (3)
X3

Equation {3) has the form Ax = h. Such an equation is called a mairix equation,
o distinguish it from a vector equation such as is shown in (2).

Motice how the matrix in (3) 5 just the matrix of coefficients of the system (1).
Similar calculations show that any system of linear equations. or any veclor eguation
such as (2), can be written as an equivalent matnx equation in the form Ax = b. This
simple observation will be used repeatedly throughout the text.

Here 15 the formal resuli.
Bs-(Hons) Seme-2/Section A&B
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THEOREM 3 If Ais an m x n matrix, with columns a;, .. ., a,. and if b is in B™, the matrix
equation
Ax=h (4)

has the same solution set as the vector eguation
xi8y 4+ x383 4 -+« + xp8p = b (5)

which, in turn, has the same solution set as the system of linear equations whose
augmented matrix 15
[a: & -+ & b] (6)

Theorem 3 provides a powerful ool for gaining insight into problems in linear
algebra, because a system of linear equations may now be viewed in three different
but equivalent ways: as a malrix equation, as a veclor equation, or as a system of linear
equations. Whenever you construct a mathematical model of a problem in real life, you
are free 1o choose whichever viewpoint is most natural. Then vou may switch from one
formulation of a problem o another whenever it is convenient. In any case, the matrix
equation (4). the vector equation (5), and the system of equations are all solved in the
same way—by row reducing the augmented matrix (6). Other methods of solution will
be discussed later.

Existence of Solutions
The definition of Ax leads directly to the following useful fact.

The equation Ax = b has a solution if and only if b is a hnear combination of the
columns of A.

Section 1.3 considered the existence question, “Is b in Span {a;, ... .a, 7" Equiv-
alently, “Is Ax = b consistent™ A harder existence problem is to determine whether
the equation Ax = b is consistent for all possible b.

I 3 4 by
EXAMPLE 2 Letd=|—=4 2 —6|andb=| by |. Is the equation Ax = b
=3 =1 =7 by

consistent for all possible By, ba, bs?

SOLUTION Row reduce the angmented matrix for Ax = b

I 3 4 By 1 i 4 by
=4 2 =f by | ~|0 14 10 by dhy
=3 =2 =7 Iy [0 T 5 by 3b
1 4 by
~|l0o 14 10 b + 4y
] 0 0 by 4 3by = §{bs + 4by)

The third entry in column 4 equals by = 1bsy + by, The equation Ax =b is nor
consistent for every b because some choices of b can make b = gl.f:;._ + by momzero. W
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x The reduced matrix in Example 3 provides a description of all b for which the
] equation Ax = b is consistent: The entries in b must satisfy

b|—if?3+f?3=ﬂ

w’m-"‘h\ This is the equation of a plane through the origin in B*. The plane is the set of all linear
combinations of the three columns of 4. See Fig. 1.
. 0 The equation Ax = b in Example 3 fails to be consistent for all b because the
' 5 echelon form of 4 has a row of zeros. If A had a pivot in all three rows, we would
) not care about the calculations in the angmented column because in this case an echelon
FIGURE 1 form of the augmented matrix could not have arow suchas [0 0 0 1),
The columns of In the next theorem, the sentence “The columns of A span R™" means that every bin
A=[a a; a]spanaplanc E™ is a linear combination of the columns of A. In general, a set of veclors {vy. .. ¥,}
through 0. in B™ spans (or generates) B™ if every vector in B™ is a linear combination of
. TP Vp—thatis, if Span {v,, ... v, = RB™

THEOREM 4 Let A be an m % n matrix. Then the following statements are logically equivalent.
That is, for a particular A, either they are all true statements or they are all false.

a. Foreach b in B™. the equation Ax = b has a solution.
b. Each b in B™ 15 a linear combination of the columns of A.

€. The columns of 4 span B™.
d. A has a pivol position in every row.

Theorem 4 is one of the most wseful theorems in this chapter.  Statements (a),
(b), and (c) are equivalent because of the definition of Ax and what it means for a
set of vectors o span B™. The discussion after Example 3 snggesis why (a) and (d)
are equivalent; a proof is given at the end of the section. The exercises will provide
examples of how Theorem 4 is used.

Warning: Theorem 4 is about a coefficient matric, not an angmented matrix. I an
augmented matrix [ A h] has a pivot position in every row, then the equation AX = b
may or may not be consistent.

Computation of Ax

The calculations in Example 1 were based on the definition of the product of a matrix 4
and a vector X. The following simple example will lead 1o a more efficient method for
calculating the entries in AX when working problems by hand.

23 4 xi
EXAMPLE 4 Compute dx, where A =| =1 5 =3 |andx= | x2
6 —2 % 5
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SOLUTION From the definition,

2 3 4 X 2 3 4
=1 5 =3 s |=x] =1 | +xa] 5|42 =3
6 =2 & X3 il =2 3
i ll.’. 3-.1'3 ] 4.1.'3
= | =x; | ¥ 5x3 | 4 | =3y {7y
oy =2y 8y

[ 2xy 4 3oca 4 dxn ]|
=xj 4 Sxs = 3xy
| By = 2y +E.r_1,_

The first entry in the product Ax is a sum of products (sometimes called a dot produce),
using the first row of 4 and the entries in ¥ That is,

203 4 X Zxp 4 s 4 4y

This matrix shows how to compute the first entry in Ax directly, without writing down
all the caleulations shown in (7). Similarly, the second entry in Ax can be caleulated at
once by multiplying the entries in the second row of A by the comesponding entries in
x and then summing the resulting products:

Xy

=1 5 =3 xy | = | =x) 4 5x: =31y

Xy
Likewise, the third entry in Ax can be calculated from the third row of 4 and the entries
in X. [ |

Row=-Vector Rule for Computing Ax

If the product Ax is defined. then the i th entry in Ax is the sum of the products of
cormesponding entries from row § of 4 and from the vector X

EXAMPLE 5
o2 a2 EnT) [
[0 =5 3 2 044 (=5-343-T| | 6
[ 2 -3 4 24 4 (=3)-7 =137
b g 1] [T]= B:440-T|= iz
_—5 2 (=5)-442.7 —I5_
[1 O O r ler+0-540-¢ r
c. |0 1 0 s|l=|0-r4l-540f | =] 5 [ ]
_{I o 1 I Ouer40-541-¢ I

By definition, the matrix in Example 5{c) with 1"s on the diagonal and 0's elsewhers
is called an identity matrix and is denoted by 7. The calculation in part {c) shows that
Ix =x for every X in R*. There is an analogous n x n identity matrix, sometimes

wrillen as . As in part (c), f,X = X for every ¥ in B".
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Properties of the Matrix—Vector Product Ax

The facts in the next theorem are important and will be used throughout the text. The
proof relies on the definition of Ax and the algebraic properties of B".

THEOREM 5 If A is an m ® n matrix, o and ¥ are vectors in B®, and ¢ 15 a scalar, then:

a. A(n 4 v) = Au 4 Av:
b. Al{cu) = ¢ Au).

PROOF For simplicity, taken =3, A =[a, a; a:;].andu, vin B (The proof of
the general case is similar) For{ = 1.2, 3, let w; and vy be the ith entries in u and v,
respectively. To prove statement (a), compute A(n 4 ¥) as a linear combination of the
columns of A wsing the entries in w4 v as weights.

I.r|_+|.:|
Aju+v)=[an a2 az]| w2+ vz
TERE

Enirics inu 4+ ¥
= (uy + vy )y + (w3 + vaday + (v + vy)a;

Columns of A

= (uyy + waly + vyds) + (v8; 4 vads 4 vils)
= Au 4 Av

To prove statement (b), compute A{cu) as a linear combination of the columns of A
using the entries in co as weights.

Cly
Afcn) = [a; as as]| cuz | = (cug)ay + (cusdas 4+ (cus)a;
Cliy
= oAy ) + cluafs) 4 clusaz)
= ¢(ughy 4 ials 4 wyAz)
= ¢{Au) [ |

— NUMERICAL NOTE

To optimize a computer algorithm o compute Ax, the sequence of calculations
should involve data stored in contiguous memory locations. The most widely
used professional algorithms for matrix computations are wrillen in Fortran, a
language that stores a matrix as a sel of columns. Such algorithms compute Ax
a% a linear combination of the columns of A. In contrast, if a program is writlen in
the popular language C, which stores matrices by rows, Ax should be computed
via the alternative rule that uses the rows of 4.
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PRACTICE PROBLEMS

I 5 =2 0 r_i -7
Lletd=|=3 1 9 =l p=| | andb=) 9| Itcan be shown
4 =8 =1 7 . 0

that p is a solution of Ax =h. Use thas fact w exhibit b as a specific lmear
combination of the columns of A.

2 -
2 Let A= [; f] = [_T] and v = [ ;] Verify Theorem 5(a) in thas case

by computing A{u 4+ v) and Au 4+ Av.
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| SOLUTIONS TO PRACTICE PROEBLEMS

1. The matrix equation

I 5 =2 0 _: =7
=3 1 9 =5 EII = 9
4 =8 =1 7 4 0
is equivalent 1o the vector equation
1 5 =2 0 =7
=3 ]=2] 1|40 9|=4|=5|= 9
4 =& =1 7 0

which expresses b as a linear combination of the columns of A.

s owe= ][5
=[5 ][] (3335
a3 )06 A

-[a]+[5]-15]
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1.5 SOLUTION SETS OF LINEAR SYSTEMS

Solution sets of linear syslems are important objects of study in linear algebra. They
will appear later in several different contexts. This section wses vector notation Lo give
explicit and geometric descriptions of such solution sets.

Homogeneous Linear Systems

A system of linear equations is said to be homogeneous if it can be writlen in the
form Ax =0, where 4 is an mr % 0 matrix and 0 is the zero vector in B™. Such a
system Ax = 0 always has at least one solution, namely, x = 0 (the zero vector in B ).
This zero solution is usually called the trivial solution. For a given equation Ax = 0,
the imporiant guestion is whether there exists a nontrivial solution. that is. a nonzero
vector X that satisfies Ax = 0. The Exisience and Unigueness Theorem in Section 1.2
(Theorem 2) leads immediately to the following fact.

The homogeneous equation Ax = 0 has a nontrivial solution if and only if the
equation has at least one free variable.

EXAMPLE 1 Determine if the following homogeneous sysiem has a nontrivial
solution. Then describe the solution set.

Ixg + 502 =43 =10
=3x; =2x2 443 =0
Grg + x2 =Brs=0

SOLUTION Let A be the matrix of coefficients of the system and row reduce the
augmented matrix | A {I] to echelon form:

3 5 =4 0 3 5 =4 0 I 54 0
=3 =2 4 0|~|0 3 O O|~|0 3 0O O
6 1 =8 0 0= 0 0 o o0 o o

Since x3 15 a free varable, Ax = 0 has nontnvial solutions (one for each choice of xy).
T describe the solution sel, continue the row reduction of [ 4 0] o reduced echelon

foorm:
1 0 =% 0 o =in=0
o 0o 1 0 O X3 =0
. 00 0 0 0 =0
-
Solve for the basic variables x; and x2 and obltain x1 = 2x3, x2 = 0, with x3 free. Asa
vector, the general solution of Ax = 0 has the form
“] ][ £
A= xl= 0 |=x:] 0| =xsv, wherev=1| 0
X X3 X3 | 1 J
. Here xy is factored out of the expression for the general solution vector. This shows that
I \\ every solution of Ax = 0 in this case is a scalar multiple of v. The rvial solution i
obtained by choosing x3 = 0. Geometrically, the solution set is a line through 0 in .
FIGURE 1 See Fig. i. |
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Notice that a nontrivial solution x can have some zero entries so long as not all of

il% enlries are Fero.

2.1 MATRIX OPERATIONS

If A is an m = » matrix —that 15, a matrix with m ows and n columns—ithen the scalar
entry in the ith row and jth column of 4 is denoted by ay; and is called the (4, f }-entry
of A. See Fig. 1. For nstance, the (3, 2)-entry is the number a s in the: third row, second
column. Each column of A 5 a list of m real numbers, which identifies a vector in B™.
Ofien, these columns are denoted by a,, . ... 8,. and the matrix A is wrillen as

A=[a; a - a,)

Observe that the number ajy 1% the fth entry (from the top) of the jth column vector ay.

The diagonal entries in anm x n matrix A = [y | are ayy, a2, as3. . ., and they
form the main diagonal of 4. A diagonal matrix is a square m » n matrix whose
nondiagonal entries are zero. An example is the n > n identity mainx, f,. Anm xn
matrix whose entries are all zero is a zero matrix and s written as 0. The size of a zero
matrix is usually clear from the contexi.
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Colomn
i

gy e gy E S T
Row i iy = EU 1 am [ = A
Ayl o By f Y e
| | 1
a; a a

¥

FIGURE 1 Matrix notation.

Sums and Scalar Multiples

The arithmetic for vectors described earlier has a natural extension o matrices. We
say that two matrices are equal if they have the same size (Le., the same number of
rows and the same number of columns) and if their corresponding columns are equal,
which amounts to saying that their corresponding entries are equal. If 4 and B are
m o matrices, then the sum A 4 8B is the m ® o matrix whose columns are the sums
of the corresponding columns in 4 and B. Since vector addition of the columns is done
entrywise, each eniry in A 4+ B is the sum of the corresponding entries in 4 and B. The
sum A + K is defined only when A and B are the same size.

EXAMPLE 1 Let

4 0D 5 1 1 1 2 =3
'4_[—I 3 Ej|' E_[j- 5 T]' C_[U I]
Then
5 1 3]
WP E
but A 4 C 15 not defined because A and O have different sizes. |

If ris a scalar and A is a matrix, then the scalar muliiple rA is the matrix whose
columns are r times the comesponding columns in 4. As with vectors, =4 stands for
(=1pA, and A = B 15 the same as 4 4 {=1}5.

EXAMPLE 2 1If 4 and B are the matrices in Example 1, then
1B =1 I 1 1 _ 2 2 2
i 5 7 6 10 14
4 0 5 2 2 2 2 =2 3
=28 = - =
A=28 [—I 3 2j| [ﬁ L] ]4] [—? =T —12] "
It was unnecessary in Example 2 1o compute A = 28 as A 4+ (=1)28 because the

usual rules of algebra apply to sums and scalar multiples of matrices, as the following
theorem shows,

THEOREM 1 Let A, B, and  be matrices of the same size, and let r and 5 be scalars.

a A4+ B=B4 4 d. rid4+ B)=rd 4 rB
b. (A+B)+ C=A+(B+C) e. r+s)d=rd 4354
c. A+0=4 f. risd) =(rs)d
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Each equality in Theorem | is verified by showing that the matrix on the left side has
the same size as the matrix on the right and that corresponding columns are equal. Size
is no problem becawse 4, B, and C are equal in size. The equality of columns follows
immediately from analogous properties of vectors. For instance, if the §th columns of
A, B, and C are a;, by, and ¢, respectively, then the jth columns of (A + B) +C
and 4 4 (B + C) are

laj +b;)+e; and a; +(b; +¢;)

respectively. Since these two vector sums are equal for each §. property (b) is verified.
Becanse of the associative property of addition, we can simply write 4 4+ 8 4+ C
for the sum. which can be computed either as (4 4+ B) 4+ C oras 4 4 (8 4 C). The

same applies o sums of four or more matrices.

Matrix Multiplication

When a matrix B multiplies a vector X, it transforms X into the vector B3 IF this vector
i5 then multiplied in turn by a matrix A, the resulting vector is A{ Bx). See Fig. 2.

Muluplication Multiplication

’-‘.r_'_,_:-" by B _“H‘.'_’f' by A -H_,q_.“
Bx

x
* hisx)

FIGURE 2 Multiplication by 8 and then A.

Thus A(Bx) is prodoced from X by a composition of mappings—the linear transfor-
mations studied in Section 1.8. Our goal is o represent this composile mapping as
multiplication by a single matrix, denoted by AB, so that

AiBx) = (AB)x i1y
See Fig. 3.
Muluplication Multiplication
~—  wyE —— A
u-"-f Hﬁl'ff-f H"Mm:]
‘\ i
T Multiplication -
by AR
FIGURE 3 Multiplication by AB.
IfAism»xn, Bisnx p.and x is in BP, denote the columns of & by by, .., b,
and the entries in X by xy. .., Xp. Then

Bx=xby -+ x;b,
By the linearity of multiplication by A,

A(BX) = Alxby) + - + Alxhbg)
= xpAby 400 4 xpAhy
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The vector A(BXx) is a linear combination of the vectors Aby. .. ... Abp. using the entries
in x as weights. In matrix notation, this linear combination is written as
A(Bx)=[Ab; Aby - Ab,|x

Thus multiplication by [ Aby  Abz -« Ab, ] transforms x into A(Bx). We have
found the matrix we sought!

DEFINITION If Ais an m x n matrix, and if B is an # X p matrix with columns by, ..., b,.
then the product AB is the m X p matrix whose columns are Aby, . ... Ab,. That
is,

AB=A[b; by .-+ b,]=[4b, Aby .- Ab,]

This definition makes equation (1) true for all x in R”. Equation (1) proves that the
composite mapping in Fig. 3 is a linear ransformation and that its standard matrix is
AB. Multiplication of matrices corresponds to composition of linear transformations.

EXAMPLE 3 Compute AB, where A = [f _;] aid B [T 3 f;]

SOLUTION Write B =[b; bz bs]. and compute:

et 3} el 202} e 20
=[-l:] =[.‘;] :

i

' J i
Then
1l 0 21
AB = A[b; b bs]—[_l 13 _9] [ |

v 9. .4

th, th: th;

Notice that since the first column of AB 1s Aby, this column is a linear combination
of the columns of A using the entries in by as weights. A similar statement is true for
each column of AB.

Each column of AB is a linear combination of the columns of A using weights
from the corresponding column of B.

Obviously. the number of columns of A must match the number of rows in B in
order for a linear combination such as Ab, to be defined. Also, the definition of AB
shows that AB has the same number of rows as A and the same number of columns
as B.

EXAMPLE 4 If 4is a3 x5 matrix and B is a 5 x 2 matrix, what are the sizes of
AB and BA, if they are defined?
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SOLUTION Since A has 5 columns and B has 5 rows, the product AB 1s defined and
i5 a3 x 2 matrix:

A B AR
L L ] L
= & ¥ 0w ¥ ¥ | = | %
RN *
L
L
Iimi 5= 2 3w 2
| Maich
Size of AF

The product BA 15 not defined because the 2 columns of B do not match the 3 rows
of A. [ |

The definition of A8 15 important for theoretical work and applications, but the
following mle provides a more efficient method for calculating the individual entries in
AR when working small problems by hamnd.

ROW-COLUMN RULE FOR COMPUTING AB

If the product AR is defined, then the entry in row § and column § of AF is the
sum of the products of corresponding entries from row § of A and column § of
B_I{AB);; denotes the (i, j)-entry in AR, and if A is an m % n matrix, then

(AB)y; = aybyy + agabaj + -+ + aypby;

To verify this rule, let B = [b;  --- by ]. Column j of AB is Ab; . and we can
compute Ab; by the row—vector rule for computing Ax from Section 1.4. The i th entry
in Aby is the sum of the products of cormesponding entries from row § of A and the
vector by, which is precisely the computation described in the mle for computing the
(i. f)-entry of AR,

EXAMPLE 5 Use the row—column rule to compute two of the entries in AR lor the

matrices in Example 3. An inspection of the numbers involved will make it clear how
the two methods for calculating AR produce the same matrix.

SOLUTION To find the entry in row 1 and column 3 of AE. consider row 1 of 4 and
column 3 of §. Multiply comresponding entries and add the results, as shown below:

i
AR =" 2 3|4 3 6|_[(O0 O 22e+33|_|0o0 O 2
- 1 =511 =2 3| |O O O —|lo 0O O
For the entry in row 2 and column 2 of AB, use row 2 of 4 and column 2 of B:

!
2 3[4 3 6]_[O O 2u]_[o o 2
~|1 =51 =2 3|T|o }+-5(-2) O| - |o 13 O
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EXAMPLE 6 Find the entries in the second row of AB. where

5 4 =6

A= =1 3 4 B=]17 1
6 =8 =7

3 2

-3 0 9 R,

2 =5

0

SOLUTION By the row—column rule, the entries of the second row of AB come from

row 2 of A (and the columns of B):

|
2 =5 0 -
—| i ‘.; 'f
6 =g
3 B2
-3 0 9 o
O =] O 0O
| =4421=12 643=-8|_| 5 1 -
- u] O =lo o
O O o O

Notice that since Example 6 requested only the second row of AB, we could have
written just the second row of A to the left of B and computed

4 =6
-4]l7 1|=[5 1]

3 7
This observation about rows of AB is true in general and follows from the row—column
rule. Let row, (A) denote the ith row of a matrix 4. Then

[-1 3

row;(AB) = row;(4)- B (2)

Properties of Matrix Multiplication

The following theorem lists the standard properties of matrix multiplication. Recall that
I, represents the m x m identity matrix and /,,x = x for all x in R™.

Let A be an m X n matnix, and let B and C have sizes for which the indicated

sums and products are defined.

a. A(BC)=(AB)C

b. A(B4+C)=AB 4 AC

c. (B4+C)A=BA4CA

d. #(AB) = (rA)B = A(rB)
for any scalar r

e dgA=A=AT,

THEOREM 2

(associative law of multiplication)
(left distributive law)
(right distributive law)

(identity for matrix multiplication)

PROOF Properties (b)e) are considered in the exercises. Property (a) follows from
the fact that matrix multiplication corresponds to composition of linear transformations
(which are functions). and it i1s known (or easy to check) that the composition of func-
tions is associative. Here is another proof of (a) that rests on the “column definition™ of
the product of two matrices. Let

C=la )
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By the definition of matrix multiplication,

BC =[Re; - Bey)
A(BC) = [A(Bey) -+ A(Be,)]

Recall from equation (1) that the definition of AR makes A{8x) = (A8 )x for all x, so
A(BC) = [(AB)e; -+ (AB)e, | = (AB)C [ ]

The associative and distributive laws in Theorems 1 and 2 say essentially that pairs
of parentheses in matrix expressions can be inserted and deleted in the same way as in
the algebra of real numbers. In particular, we can write ABC for the product. which
can be computed either as A(BC) or as (AF)C.' Similarly, a product ABCD of four
matrices can be computed as A{BCD) or (ABC)D or A(BC) D, and so on. It does not
matter how we group the matrices when computing the product, so long as the lefi-io-
right order of the matrices is preserved.

The lefi-to-right order in products is eritical because AR and B4 are usoally not
the same. This is not surprising, because the columns of AF are linear combinations
of the columns of 4, whereas the columns of 84 are constructed from the columns of
B. The position of the factors in the product AR s emphasized by sayving that A is
right-multiplied by B or that 8 is left-multiplied by A. If AR = BA, we say that 4 and
B commute with one another.

2
EXAMPLE 7 Led = g é and § = 1 g] Show that these mairices do

not commute. That is, verify that AF # BA.

T |
ma=[2 0] 2] [5 2] -

Example 7 illustrates the first of the following list of important differences between
matrix algebra and the ordinary algebra of real numbers. See Exercises 9-12 for exam-
ples of these situations.

SOLUTION

WARNINGS:
1. In gencral, AR # BA

2, The cancellation laws do mer hold for matrix multiplication. That is, if
AB = AC, then it is mot true in general that B = C. (See Exercise 10.)

3. If a product AF is the zero matrix. you cannof conclude in general that either
A=00r B = 0. (See Exercise 12))

Powers of a Matrix
If A is an m » n matrix and if & is a positive integer, then AE denotes the product of &

"When & is square and © has fewer columns than A has rows, o is mone ellicsent 10 compute A{ BC) than

[AB)C.
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copies af A:

Af=Ad.-. A

 ——

If A is nonzero and if X is in B", then A*x is the result of lefi-multiplying x by A
repeatedly & times. I k = 0, then A% should be x itsell. Thus AY is interpreted as the

identity matrix. Matrix powers are useful in both theory and applications (Sections 2.6,
49, and later in the text).

The Transpose of a Matrix

Given an m x n matrix A, the transpose of A is the n x m matrix, denoted by A7,
whose columns are formed from the corresponding rows of 4.

EXAMPLE 8 Let

h —5 2 [ T T
)
"I=[r: d]- B=1 1=31. C=[-3 5 =2 'r]

0 4
Then
1 =3
T a 0 r_|=-% 1 0 T 1 5
‘*—[h d]ﬂ—[1-34]C—1-2 .
17

THEOREM 3 Let 4 and B denote matrices whose sizes are appropriate for the following sums
and products.
a (AT =4
b. (A+B)T =AT 4+ BT
¢. For any scalar r, (rA)T = r47
d. (AB)" = BTAT

Proofs of (a)-c) are straightforward and are omitted. For (d), see Exercise 33.
Usually, (AR is not equal 1o ATBT, even when A and B have sizes such that the
product ATBT is defined.

The generalization of Theorem 3(d) to products of more than two factors can be
stated m words as follows:

The transpose of a product of matrices equals the product of their transposes in
the reverse order.

The exercises contain numerical examples that illustrate properties of transposes.
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— NUMERICAL NOTES

1. The fastest way to obtain AF on a computer depends on the way in which
the computer stores matrices in its memory. The standard high-performance
algorithms, such as in LAPACK calculate A8 by columns, as in our definition
of the product. (A version of LAPACK written in C++ calculates AF by rows.)

2. The definition of AR lends itself well wo parallel processing on a computer.
The columns of & are assigned individually or in groups o different proces-
sors, which independently and hence simultaneously compute the correspond-
ing columns of AR,

PRACTICE PROBLEMS

1. Since vectors in B" may be regarded as n » | matrices, the properties of transposes
in Theorem 3 apply to vectors, oo, Let

e[ 1] = e[

Compute {Ax:r_ AT o and xTx Is AT defined?

2. Let A be a 4 x 4 matrix and let x be a vector in B*. What is the fastest way to
compute A*x? Count the multiplications.

2.1 EXERCISES

In Exercises | and 2, compute cach matrix sum or product if it is 4 _é 1 4
defined. If an expression is undefined. explain why. Let 6. A= —; '—: B = [3 _2]
q= 20 -1 8= T =5 1
14 =5 I 1 =4 =3 7. If a matrix A is 5 x 3 and the product AB is 5 x 7, what is
the size of BT
1 2 I -5
C= . . D= . E= . .. :
-1 1 -1 4 3 8. How many rows does B have if BC is a 5 x 4 matrix?

. =24, B-24, AC. CD 703 1 g
9 Llet A= - 1 and B = _3 k . What valuc{s)

of k. if any, will make AE = BAT

L A+3B, 2O -3E, DB, EC

In the rest of this exercise set and in those to follow, assume that

cach matrix expression isdefined. That is, the sizes of the matrices 10, Let A= [ 3 _6] B = [_l ]]‘ and © =
{and vectors) involved “match™ appropriately. - 2 3 4

[‘; _’I‘ ] Verify that A8 = AC and vet B £ €.

y S
LL.:l.-i:[' 3

; ?]_ Compute 31, — A and (3/3)4.
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| SOLUTIONS TO PRACTICE PROBLEMS

L _4x=[_; ‘i][i]=['g]_su{.mf=[-4 2]. Also,

AT =[5 3][_; 'i]=[-4 2].

The guantities (Ax)" and xTAT are equal. by Theorem 3(d). Next,

= (3]s s1=[15 5]
1T1=[5 3][§]=[15+9|=34

A 1 x 1| matrix such as x™x is usually written without the brackets. Finally, A™x" is
nol defined, because x" does not have two rows 1o match the two columns of A7

2. The fastest way o compule Ax s w compute A{Ax). The product AX requires
l6 multiplications, 4 for each entry, and A(Ax) requires 16 more. In contrast, the
product A* requires 64 multiplications, 4 for each of the 16 entries in A%, Afier that,
A*x takes 16 more multiplications, for a total of 80.

2.2 THE INVERSE OF A MATRIX

Matrix algebra provides tools for manipulating matrix equations and creating various
useful formulas in ways similar o doing ordinary algebra with real numbers.  This
section investigates the matrix analogue of the reciprocal, or multiplicative inverse, of
a nonzern number.
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Recall that the multiplicative inverse of a number such as 5 is 1/5 or 571 This
inverse satisfies the equations

55 5=1 and 5-5'=1

The matrx generalization requires borh equations and avoids the slanted-line notation
ifor division) because matrix multiplication s not commutative. Furthermore, a full
eeneralization is possible only if the matrices involved are square. !

Ann x n matrix A is said to be invertible if there is an n » n matrix C such that

CA=1 and AC =1

where [ = [, the n = n identity matrix. In this case, C is an inverse of A. In fact, C
is uniquely determined by A, because if B wene another inverse of A, then § = B =
B{AC) = (BA)C = IC = C. This unigue inverse is denoted by A7, so thal

A7'A=71 and AA' =1

A matrix that is mot invertible i5 sometimes called a singular matrix, and an invertible
matrix is called a nonsingular matris.

[ 2 57 [—7 =5
EXAMPLE 1 Ifd= 3 7] and C = B 1],“:.:.1
[ 2 5[ =7 =5] 1 0
AC:_—S _?-[ 3 2_:[{. lj| and
[=7 =57 2 5] 1 o
C‘4=_ 3 2_[—3 —7_=[u 1}
Thus C = 471, [ |

Here is a simple formula for the inverse of a 2 » 2 matrix, along with a test to tell
if the inverse exists,

Fi b

THEOREM 4 L:IA=[L_ J]_[fud—br;élllhtndi&inv:ﬂiblennd

— 1 d =h
I —
4 _a.:.'—.bc[—r a]

If ad = be = 0, then A 15 not invertible.

The simple proof of Theorem 4 is outlined in Exercises 25 and 26. The quantity
ad = be is called the determinant of A, and we wrile

det A = ad = be

Theorem 4 says that a 2 »x 2 matrix A is invertible if and only if det 4 2 0.

"Ume could say that an ar > n matnix A s inverible iof there exist m = momatnees O and 1Y such that
CA = Iy and A = [, However, these eguations imply that 4 s square and & = 0. Thus A s invertible
a5 defined above. See Exercises 273-25 in Sectiom 2.1,
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Recall that the multiplicative inverse of a number such as 5 is 1/5 or 571 This
inverse satisfies the equations

55 5=1 and 5-5'=1

The matrx generalization requires borh equations and avoids the slanted-line notation
ifor division) because matrix multiplication s not commutative. Furthermore, a full
eeneralization is possible only if the matrices involved are square. !

Ann x n matrix A is said to be invertible if there is an n » n matrix C such that

CA=1 and AC =1

where [ = [, the n = n identity matrix. In this case, C is an inverse of A. In fact, C
is uniquely determined by A, because if B wene another inverse of A, then § = B =
B{AC) = (BA)C = IC = C. This unigue inverse is denoted by A7, so thal

A7'A=71 and AA' =1

A matrix that is mot invertible i5 sometimes called a singular matrix, and an invertible
matrix is called a nonsingular matris.

[ 2 57 [—7 =5
EXAMPLE 1 Ifd= 3 7] and C = B 1],“:.:.1
[ 2 5[ =7 =5] 1 0
AC:_—S _?-[ 3 2_:[{. lj| and
[=7 =57 2 5] 1 o
C‘4=_ 3 2_[—3 —7_=[u 1}
Thus C = 471, [ |

Here is a simple formula for the inverse of a 2 » 2 matrix, along with a test to tell
if the inverse exists,

Fi b

THEOREM 4 L:IA=[L_ J]_[fud—br;élllhtndi&inv:ﬂiblennd

— 1 d =h
I —
4 _a.:.'—.bc[—r a]

If ad = be = 0, then A 15 not invertible.

The simple proof of Theorem 4 is outlined in Exercises 25 and 26. The quantity
ad = be is called the determinant of A, and we wrile

det A = ad = be

Theorem 4 says that a 2 »x 2 matrix A is invertible if and only if det 4 2 0.

"Ume could say that an ar > n matnix A s inverible iof there exist m = momatnees O and 1Y such that
CA = Iy and A = [, However, these eguations imply that 4 s square and & = 0. Thus A s invertible
a5 defined above. See Exercises 273-25 in Sectiom 2.1,

Bs-(Hons) Seme-2/Section A&B



Matrices &

vector space The Islamia University of Wahawalpur
The Department of Physics

EXAMPLE 2 Find the inverse of A = [ ; z]

SOLUTION Since det 4 = 3(6) = 4(5) = =2 £ 0, 4 is invertible, and

4 = L[ 6 —4] _[ 6/(=2) -4;1-1}] _[-3 2 ] u
T =2 =5 3| T | =5/(=2 3i=2) | |52 =32

Invertible matrices are indispensable in linear algebra—mainly for algebraic caleu-
lations and formula derivations, as in the next theorem. There are also occasions when
an inverse matrix provides insight into a mathematical model of a real-life situation, as
in Example 3, below.

THEOREM 5 If A is an invertible n x n matrix, then for each b in B", the equation Ax = b has
the unigue solution x = A™'b.

PROOF Take any b in B®. A solution exists because if A™'b is substituted for x,
then Ax = A(A7'b) = (447" )b = Ib = b. So 47"'b is a solution. To prove that the
solution is unigue, show that if u is any solution, then u, in fact, must be A™"'b. Indeed,
if Au = b, we can multiply both sides by A™" and obtain

AT du=A4""9. Tu=A4""p, and u=A""h ]
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THEOREM & a. If A is an invertible matrix, then A~ is invertible and
(A ' =4

b. If A and & are n x n invertible matrices, then so is AR, and the inverse of AB
is the product of the inverses of 4 and B in the reverse order. That is,

(ABY ' = B 4!

c. If Ais an invertible matrix, then so is AT, and the inverse of AT is the transpose
of A7, That is,

PROOF To verify statement {a). find a matrix C such that

ATWC =1 amd CA™'=1T
In fact, these equations are satisfied with A in place of C. Henee A™" is invertible, and
A is its inverse. Next, wo prove statement (b)), compute:

(ABWB ' Ay = AIBB WA = ATA =447 =1

A similar calculation shows that { B~ A7")(AR) = [. For stalement (¢}, use Theorem
3(d). read from right to left, (A=) AT = (A4 = 7 = [. Similarly, AT(47)" =
IT = | Hence AT is invertible, and its inverse is (A~1)7. [ |

The following generalization of Theorem 6(b) 18 needed later.

The product of a x n invertible matrices 15 invertible, and the nverse is the
product of their inverses in the reverse order.
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There is an important connection betwesn invertible matrices and row operations
that leads 1o a method for computing inverses. As we shall see, an invertible matrix
A is row equivalent to an identity matrix, and we can find At by watching the row
reduction of Ao 1.

Elementary Matrices

An elementary matrix is one that is obtained by performing a single elementary row
operation on an identity matrix. The next example illustrates the three kinds of elemen-
tary matrices.

EXAMPLE S5 La

I 0 0 0 1 07 I 0 0
E; = o 1 0 Es=]1 0O Ey=10 1 0
=4 0 1 0o o l_ 0 0o 5
a b e ]
A=|d e f
g h i'_

Compute EjA. ExA. and EsA. and describe how these products can be obtained by
elementary row operations on A.

SOLUTION Verifly that

d b c d ¢ f
Ed= d e I . EsdA=a bk IS
g=4a0 h=4bh [=dc g h i

o b &

Exd=] d e r

S5¢ Sk 5

Addition of =4 times row 1 of A 1 row 3 produces Ey A, (This is a row replacement
operation.) An interchange of rows 1 and 2 of A produces Es2 4, and multiplication of
row 3 of A by 5 produces £y4. [ |

Lefi-multiplication (that is. multiplication on the left) by E; in Example 5 has the
same effect on any 3 » o matrix. It adds =4 times row 1w row 3. In particolar, since
Ey- I = E,, wesee that E, itself is produced by this same row operation on the identity.
Thus Example 5 illustrates the following general fact about elementary matrices. See
Exercises 27 and 28,

If an elementary row operation is performed on an m » 8 matrix 4, the resulting
matrix can be written as EA, where the m » m matrix £ is created by performing
the same row operation on fg.

Since row operations are reversible, as shown in Section 1.1, elementary matrices
are invertible, for if E is produced by a row operation on {. then there is another row
operation of the same type that changes E back into f. Hence there is an elementary
matrix F suchthat FE = [ Since E and F correspond to reverse operations, EF = [T,

o
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Each elementary matrix E is invertible. The inverse of E is the elementary matrix
of the same type that transforms E back nto f.

1 o 0
EXAMPLE 6 Find the inverse of £} = o 1 0
=4 0 1

SOLUTION To transform Ey into [, add 44 times row 1 to row 3. The elementary
matrix that does this 1s

1 0 0
Ef'=| 0 1 o0 m
+4 0 1

The following theorem provides the best way to “visualize™ an invertible matrix,
and the theorem leads immediately to a method for finding the inverse of a matrix.

THEOREM 7 An i % n matrix A is invertible if and only il A is row eguivalent 1o [, and in
this case. any sequence of elementary row operations that reduces A to I also
transforms Jn into 47"

PROOF Suppose that 4 is invertible. Then, since the equation Ax = b has a solution
fior each b (Theorem 5), A has a pivot position in every row {Theorem 4 in Section 1.4).
Because A is sguare. the n pivol positions must be on the diagonal, which implies that
the reduced echelon form of A is §,. Thatis, 4 ~ [,

Mow suppose, conversely, that 4 ~ I,. Then, since each step of the row reduction
of 4 coresponds o lefi-multiplication by an elementary matrix, there exist elementary
matrices Ey, .. .. EP such that

A~ EjAd ~ Es(EjAd) ~ 2evm E_PI:E e Ejdy =1,

That 15,
Ep---ExA=1, (1)

Since the product E - -+ E) of invertible matrices is invertible, (1) leads to

(Ep---E) " MEp-+ E\)A = (Ep--- Ey) 7',
A= (Ep-E)”

Thus A is invertible, as it is the inverse of an invertible matrix (Theorem 6). Also,
A = [(Ep- B = Epe Ey

Then A~ = Ep--- Ey- I, which says that A7 results from applying Ey, . ... E, suc-
cessiviely to [y, This is the same sequence in (1) that reduced A o £,. |

An Algorithm for Finding A—1

If we place 4 and [ side-by-side o form an augmented matrix [A 7], then row
operations on this matrix produce identical operations on A and on /. By Theorem 7,
either there are row operations that transform A w [, and I, 1o A7 or else A is not
invertible.
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ALGORITHM FOR FINDING A™

Row reduce the angmented matrix [ A4 T ). If 4 is row equivalent o [, then
[A [I]isrowequivalentto [/ 47" ). Otherwise, A does not have an inverse.

a 1 2
EXAMPLE 7 Find the inverse of the matnix 4 = | 1 0 3 |.af ot exasts.
4 =3 8
SOLUTION
0 1 2 1 o o] [1 o 3 0 1 0]
[4 I]=]1 0o 3 0o 1 Ol~10 1 2 1 O O
_4 =3 & 0O 0 l_ _4 =3 & O O ]_
1 o 3 o 1 o) [1 o 3 0o 1 07
~ | 0 | 21 0 o)l~|0 1 2 1 O 0
_U =3 =4 [ =4 I_ -U 0 2 3 =4 l_
1 0 3 o 1 0]
~ | O | 2 | 0 0
_EI o 1 1 =2 lI,FE_
(1 0 0 =92 7 =327
-~ | 0 1 0 =2 4 =1
o o 1 2 =2 172
Theonrem T shows, since 4 ~ I that 4 15 invertible, and
=9/2 T =32
A7 =] =2 4 =1
i =2 12
It is a good idea to check the final answer:
a 1 2 =9/2 T =32 I o O
Ad =11 o 3 -2 4 =] =0 1 0O
4 =3 & W =2 12 0 0 |
It is not necessary o check that A" 4 = [ since A is invertible. ]
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NUMERICAL MOTE

In practical work, 47" is seldom computed, unless the entries of 47" are needed.
Computing both A7 and A™'b takes about three tlimes as many arithmetic

operations as solving Ax = b by row reduction, and row reduction may be more
adcurate.

| PRACTICE PROBLEMS

1. Use determinants to determine which of the following matrices are invertible.
. 3 =9 b 4 =4 . 6 =9
B I LU =+ 6

1 =2 =]
2. Find the inverse of the matnx 4 = |:—] 5 & ] LAf L exists.
5 =4 5§

SOLUTIONS TO PRACTICE PROBLEMS

1. o, det i -: = 3:6=(=0}-2 = I8 4 18 = 36. The determinant 15 nONZETD, S0

the matrix is invertible.

b. det 3 -g =45 = (=G}« 0 = 20 2 0. The matrix 15 invertible.

. det _i -:] = fe = [=D)[=4) = 36 = 36 = (. The matrix is nol inverlible.
1 =2 =1 I O 0
2. (A I)~|=1 5 &6 0 1 0O
5 =4 5 0 0 1

==

=]

So[A [)isrow equivalent to a matrix of the form [ B D |, where B is square

and has a row of zeros. Further row operations will not transform B into J. so we
stop. A does not have an inverse.
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2.4 PARTITIONED MATRICES

A key feature of our work with matrices has been the ability to regard a matrix A as a list
of column vectors rather than just a rectangular array of numbers. This point of view has
been so useful that we wish to consider other partitions of A. indicated by horizontal
and vertical dividing rules, as in Example 1 below. Partitioned matrices appear in most
modern applications of linear algebra because the notation highlights essential structures
in matrix analysis. as in the chapter introductory example on aircraft design. This section
provides an opportunity to review matrix algebra and use the Invertible Matrix Theorem.

EXAMPLE 1 The matrix

3 0 =115 9 | =2
A= | =5 2 4 10 =3 |

=8 =6 3|1 7[=4
can also be written as the 2 x 3 partitioned (or block) matrix

e An A Ap
TT Ay An An

[0 s} =[71]

7]. .4:3:[-4] [ |

whose entries are the blocks (or submatrices)

3 0 -l
.4“=[_S 2 4]. A

12
An = [-8 -6 3]. An =

EXAMPLE 2 When a matrix A appears in a mathematical model of a physical
system such as an electrical network, a transportation system, or a large corporation,
it may be natural to regard A as a partitioned matrix. For instance, if a microcomputer
circuit board consists mainly of three VLSI (very large-scale integrated) microchips.
then the matrix for the circuit board might have the general form
Ay | Ap | A
A= .4:[ 412

Ay | An | Ay

A

The submatrices on the “diagonal” of A—namely, 4,,. Ay, and 433 —concern the three
VLSI chips, while the other submatrices depend on the interconnections among those
microchips. &
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Addition and Scalar Multiplication

If matrices 4 and & are the same size and are partitioned in exactly the same way,
then it is natural o make the same partition of the ordinary matrix sum 4 4 8. In this
case, each block of 4 4+ & is the (mairix) sum of the corresponding blocks of 4 and B.
Multiplication of a partitioned matrix by a scalar is also computed block by block.

Multiplication of Partitioned Matrices

Partitioned matrices can be multiplied by the wsual row—column role as if the block
eniries were scalars, provided that for a product AR the column partition of 4 matches
the row partition of 8.

EXAMPLE 3 Leat

6 4
2 =3 1|0 =4 -2 1
A=|1 5 =2 |3 —I [-j" jli] B=|—-3 7 =[gl]
0 =4 =2 | 7 =I s An -1 a3 2
5 2

The 5 columns of 4 are partitioned into a set of 3 columns and then a set of 2
columns. The 5 rows of B are pamtitioned i the same way—into a set of 3 rows and
then a set of 2 rows. We say that the partitions of 4 and B are conformable for block
multiplication. It can be shown that the ordinary product AR can be written as

5 4

.-I.B=['4" -‘111][31] =[-4u-3|+-4|zﬂ'z] = | -6 2

It is important for each smaller product in the expression for AS o be written with
the submatrix from A on the left, since matrnx multiplication 18 not commutative. For

InsLance,
& 4
2 =3 1 15 12
..-I||E|=|i1 5 _2] -2 1 =[ 2 _5]

0 =4 - 3 =20 —f
A'EEE_[B —|][ 5 1]—[ —& 7]
Hence the top block in AR is

15 12 =20 =5 =5 4
.4||E|+.‘i|132=[ 3 _5] -+ -8 .}.] =[_EI .}] [ |

The row—oolumn mile for multiplication of block matrices provides the most general
way w regard the product of two matrices. Each of the following views of a product
has already been described using simple partitions of matrices: (1) the definition of Ax
using the columns of A, (2) the column definition of A&, (3) the row—column rule for
computing AE, and (4) the rows of AR as products of the rows of 4 and the matrix §.
A fifth view of A8, again using partitions, follows in Theorem 10 below.

The calculations in the next example prepare the way for Theorem 10, Here colg(A4)

i% the Eth column of A, and rowg ( B) 15 the Lth row of 8.
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-3 1 2 o b
EXAMPLE 4 Letd = [ | —4 ;} and B = | ¢ 4 |. Verify that
e f

AB = coly{ Ay row{ B) 4 colz{ A) rows{ B 4 cols{dyrows{ §)

SOLUTION Each term above is an outer produce. (See Exercises 27 and 28 in Sec-
tion 2.1.) By the row—column rule for computing a matrix product,

—3a -3&]

coli(A) row (B) = -3][“ ‘r’]=[ a h

1

cola(A) rows(B) = _i][f I"f] = [-4? —4:j|

[ 4 . 2
cols{A) rows(B) = ;][E J1l]=[; ;.l::jl

Thus
E]

Erulttﬂlmwk{.ﬂ‘} =

[—3ﬁ+r+1e -3h+d+2r]
k=1

a=4c+5  b=4d +5f

This matrix is obviously AF. Notice that the (1, 1)-entry in AB is the sum of the (1, 1)-
entries in the three outer products, the (1, 2j-entry in AR is the sum of the (1, 2)-entries
in the three outer prodocts, and so on [ |

THEOREM 10 Column—Row Expansion of AB

If Aism % nand B s n x p. then
row, (8}
rows( 8}
AB = [coli{d) cola{d) -+ cola{d)] . (0

rown( B)
= coly(A) row,(B) + -+ + col(A) rowy(B)

FROOF Foreach row index { and column index §_ the (i, § )-entry in colg { A) rowg ()
i5 the product of aq; from colg(A) and by from rowe (8). Hence the (i, §)-entry in the
sum shown in eguation (1) is

lr'|'rlF?I_'|‘ + -f-l'rzbzf + e 4 a]ﬂbﬂj

k=1) k=2 (k =n)

This sum is also the (i, j-entry in A8, by the row—column role. [ ]

Inverses of Partitioned Matrices

The next example illustrates calculations involving inverses and pantitioned matrices.

EXAMPLE 5 A matrix of the form
_ | 4n A
A= [ 0 A
i5 said 1o be block wpper triangular. Assume that Ay 15 px p, A 15 g ¥ g, and A is
invertible. Find a formula for 47"
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SOLUTION Denote A~! by B and partition B so that

Ay An|[Bu Ba]_[1, © )
0 An||Bn Bn| |0 I
This matrix equation provides four equations that will lead w the unknown blocks
Bu..... By Compute the product on the left side of equation (2), and equate each entry
with the cormresponding block in the identity matrix on the right. That is, set
ApBy 4+ ApBy =1, (3)
Ay Bz + AjaBes =0 i4)
AvxBy =0 (5)
AnByn =1, ()

By itsell, equation (6) does not show that 4 is invertible. However, since Az 18
square, the Invertible Mairix Theorem and (6) wogether show that A3 is invertible and
By = A7)} Next, lefi-multiply both sides of (5) by A7 and obtain

By = .41.__1.'1] ={)
so0 that (3) simplifies tw

A ii B| i e 0= !P
Since An 15 square, this shows that A 15 invertible and B0 = Al_ll. Finally, use these
resulis with (4) to find that

Ay By ==Aj28s = --‘*lzf“;zl and By = -ﬂﬁlﬂlz-‘iil

-
A= Ay Ap = All.l _AIII"I‘|3“‘E:.'I -
0 Ass L] Ai‘

A block diagonal mairix is a partitioned matrix with zero blocks off the main
diagonal (of blocks). Such a matrix is invertible if and only if each block on the diagonal
is invertible. See Exercises 13 and 14.

Thus

MUMERICAL NOTES

1. When matrices are too large to fit in a computer’s high-speed memory,
partitioning permits the computer o work with only two or three submaltrices
at a ime. For instance, one linear programming research team simplified
a problem by partitioning the matrix into 837 rows and 51 columns. The
problem’s solution ok abowut 4 minutes on a Cray supercomputer.!

2. Some high-speed computers, particularly those with vector pipeline architec-
tre, perform matrix calculations more efficiently when the algorithms use
partitioned matrices ?

3. Professional software for high-performance numerncal linear algebra, such as
LAPACK. makes intensive use of partitionsd matrix calculations.

I'The solutyn time doesn™ souml 1oo impressive ualil yvou learn that each ol the 51 block columns coatained
ahout 250,000 mdividual codumms. The original problem had B3T7 egquatsons amd over 12, 7500000 varmables?
Mearly D00 million of the more than 10 billion entries m the mainx were noneers, See Roben B, Bixby et
al., “Very Large-Scalke Limnear Programming: A Case Study in Combindng Infersor Point and Simplex
Methods,” Operations Research, 40, po. 5 (1992): BR5=E9T.

*The importance of block matrix algonithms for computer caleulstions s described in Matriz Computations,
3rd ed., by Gene H. Golub and Charles F. van Loan (Balimore: Johns Hopkms Umniversity Press, 19%6).
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The exercises that follow give practice with matnx algebra and illustrate typical

calculations found in applications.

PRACTICE PROBLEMS

1. Show that [j ?} 15 invertible and find ns inverse.

2. Compute XTX . where X is partitioned as [ X, X ].

2.4 EXERCISES

In Exercises 1-9, assume that the matrices are pantitioned con-
formably for block multiplication. Compute the products shown

in Exercises 1—4.
I I o|]l4A B 2 E ojlFr @
“lE ||l D 0 FI|R §

o rjA B I oW X
3 S | P4 B ]| ]
In Exercises 58, find formulas for X, ¥, and £ in terms of A,
B, and O, and justify your calculations. In some cases. you may
need o make assumptions about the size of 4 matrix in order to

produce a formula. [Hinr: Compute the product on the lefi, and
set it equal io the right side.]

s [4 B[r o_[0 1
“le oflx ¥Y|T |z o
4

[x o
6 1y z][s

[¥ 0 O
™ LY o :]’-

0

C
A
1]
B

In Exercises 11 and 12, mark cach statement True or False. Justify
each answer.

I. a. If A=[4, 4A;] and BE=[8 B8] with 4, and
Az the same sizes as B and B, respectively, then
A+ B=|4+ 8 A+ 5]
An Az B ..
and B = , then the
An .-iu] |:E;_] partitions
of 4 and B are conformable for block muliiplication.

b. [l'.-1=[

A
12 a. If Ay, Az, Bi,and Byaren x n matrices, 4 = [.1'}'”“’

E=IE|
is not.

£ ], then the product B4 is defined, but A8

b Ifd= [; E}_thtnﬂbtlmnspnstnf.ﬁs

‘1? _ F.'l" ET
¥ = R? 5]- -

B o
13 Let A = [ 0 C ] where B and C are square. Show that A
iz inwertible if and only if both £ and O are inventible.

Bs-(Hons) Seme-2/Section A&B



Matrices &

vector space The Islamia University of Wahawalpur
The Department of Physics

| SOLUTIONS TO PRACTICE PROBLEMS

W X
Yy £

rojlw xj_ W X
AT Y Z|7 [AW4Y AX+ Z

SoW X, V. Zmustsatisfy W=7l X=0AW+ Y =0,and AX 4+ £ =1 T
followsthat ¥ = =4 and Z = . Hence

I o roj_|[I o
A T||=4 1|7 |0 T
The prodect in the reverse order is also the identity, so the block matrix is invert-

I o
-4 I

1. If [ I 0] 15 invertible, its inverse has the form [

AT ] Werify that

ible, and its inverse is [
Theorem.)
x7 ¥y, xlx
Ty — 1 _ 1 14z - T, r o
2. X'X = [IEJ. j|[.’f| .Yz] = [erxl xgr-’fz . The partitions of X' and X are
automatically conformable for block muliiplication because the columns of X7 are

the rows of X. This partition of X7X is used in several computer algorithms for
malrix computations.

]. (You could also appeal to the Invertible Matrix
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3.1 INTRODUCTION TO DETERMINANTS

Recall from Section 2.3 that a 2 » 2 matrix is invertible if and only if its determinant
is nongzeno. To extend this useful fact o larger matrices, we need a definition for the
determinant of an m » n matrix. We can discover the definition for the 3 x 3 case by
watching what happens when an invertible 3 x 3 matrix A 15 row redoced.

Consider A = [a;] withan # 0. If we multiply the second and third rows of 4 by
ayy and then subtract appropriate multiples of the first row from the other two rows, we
find that A is row eguivalent o the following two matrices:

apy e aiy i diz aiy
dapar  dapda o apaas |~ | 0 gnar =apaas dpdss = a3ds i1
dydy  dydyy  dygidss 0 anjjazs = apady  @ypds = dyads

Since A is invertible, either the (2. 2}-entry or the (3. 2)-entry on the rght in (1) is
nongero. Let us suppose that the (2, 2)-entry is nonzero. (Otherwise, we can make a
row imterchange before procesding. ) Multiply row 3 by ayjass = a a0y, and then to the
new row 3 add —ia) @y = apsay ) umes row 2. This will show that

iy idya L E
A~ 1] gy =y Gpjdyy = )3y
'D ﬂ l:.l'll.l':'l.

where
A = ayyidaaityy + @jadasdy 4+ @iy = dydasdyy = dadagdyy = dysdesdy  (2)

Since A is invertible, A must be nonzero. The converse 15 true, too, as we will see in
Section 3.2, We call A in (2) the determinant of the 3 x 3 matrix 4.
Recall that the determinant of a 2 % 2 matnx, 4 = [a,j], i5 the number

det A = ay iy = idyailay

Fora | x | matrix—say, 4 = [a;;]—we define det 4 = a;;. To generalize the defini-
tion of the determinant to larger matrices. we'll use 2 x 2 determinants (o rewrite the
3x 3 determinant A described above. Since the terms in A can be grouped as

lery jrzsadss — dgpaasdsa) = (@zaadys — djaanay ) + (@pasan — aypsasay ),

a.=ﬂ||"|lt: [E‘E uu]-ﬂll'ik:[ﬂzl uu]-{-ﬂ.]‘lﬁ:l[”“ ﬂl‘z]
i3y i3y

53 LLE i) tiyy
For brevity, write
-'fi.=l:||'|_|_"IJ:C.':A“-EIE'd:‘..."l|1+|'.'i|_l;'d|:1..."|__:| lj‘j

where Ay, Ay, and Ay are obtained from A by deleting the first row and one of the
three columns. For any square matrix A, let Ay denote the submairix formed by deleting
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the ith row and jth column of A. For instance, if

1 =2 5 0
2 0 4 =l
3 1 0 7
0 4 =2 0

A=

then A3 is obtained by crossing out row 3 and column 2,

-2 5 0
0 4 =1
0o 7

=2 0

(=R PVl S

1
4
so that

1 5 0

0 =2 0
We can now give a recursive definition of a determinant. When 7 = 3, det A is defined
using determinants of the 2 x 2 submatrices A 1. as in (3) above. Whenn = 4, det 4
uses determinants of the 3 x 3 submatrices A4,;. In general, an n X n determinant is
defined by determinants of (n = 1) X (n = 1) submatrices.

DEFINITION For n = 2. the determinant of an n x n matrix A = [ay] is the sum of n terms
of the form +a,; det Ay;, with plus and minus signs alternating, where the entries
dyy,dyy, ... ay, are from the first row of A. In symbols.

det A =ay; det Ay =apdet Ay + -+ (=1)a,, det A,

"
= Z(—I)Hlau det Ay
I=1

EXAMPLE 1 Compute the determinant of

1 5 0
A=|2 4 =l
0 =2 0

SOLUTION Compute det A = a; det Ayy = ajadet Ay + ayzdet Ay

4 =1 2 -1 2 4
l-dcl[_2 0]—5-&.([0 0]+0-dcl[0 _2]

=1(0=2)=50=0) + N=4=0) ==2 |

det A

Another common notation for the determinant of a matrix uses a pair of vertical
lines in place of brackets. Thus the calculation in Example 1 can be written as

4 =1 2 4

=2 0 0 =2

2 -l

detA =1 0 0o

-5 +0

= e == o)

To state the next theorem., it is convenient to write the definition of det A in aslightly
different form. Given 4 = [ay]. the (i, j)-cofactor of A is the number Cy; given by

G’ = (—l)‘+l dtl.-h] 4)

Then
det A =a,1Cyy +a2Cia + -+ + a1,Cyy
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This formula is called a cofactor expansion across the first row of 4. We omit the
proof of the following fundamental theorem to avoid a lengthy digression.

THEOREM 1 The determinant of an n x 7 matrix 4 can be computed by a cofactor expansion
across any row or down any column. The expansion across the § th row using the
cofactors in (4) is

det A = a,yCy + a;2Cin + -+ + 2, Cia
The cofactor expansion down the §th column is
det A =ayCy + azCoy + -+ + ) Gy

The plus or minus sign in the (i, § }-cofactor depends on the position of a;; in the
matrix, regardless of the sign of ay; itself. The factor (=1)'*/ determines the following

checkerboard pattern of signs:
+ = +
- + -
+ - +

R

EXAMPLE 2 Use acofactorexpansion across the third row o compute det A, where

I 5 0
A=12 4 =l
o =2 0

SOLUTION Compute
det A = a3 Cyy + a32Cs + 0330

= (=1 as det An + (=1 andet An + (=1 an det An

5 0 I 0 -
= R p— |
U|4 1|t "lz -1|+{'2 4|
=04 X=1)40==2 [ |

Theorem | is helpful for computing the determinant of a matrix that contains many
zeros. For example. if a row is mostly zeros, then the cofactor expansion across that row
has many terms that are #ero, and the cofactors in those terms need not be calculated.
The same approach works with a column that contains many #enos.

EXAMPLE 3 Compute det A, where

3 =T B 9 =6
0 2 =5 7 3
A=|(0 0 1 5 0
0o o 2 4 <]
o o 0 =2 0

SOLUTION The cofactor expansion down the first column of A has all terms equal to
#ero except the first. Thus

detd=3- =0 Cr 4+ 0-Csy =0-Cay +0-Cq

[N N |

3
0
=1
0

(=N = =%
=R Y |
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Henceforth we will omit the zero terms in the cofactor expansion. Next, expand this
4 » 4 determinant down the first column, in order to take advantage of the z2eros there.

We have
1 5 0
detd=3.2.12 4 =l
0 =2 0

This 3 = 3 determinant was computed in Example | and found to equal =2, Hence
detd=3.2.(=2) ==]2. [ |

The matrix in Example 3 was nearly triangular. The method in that example is
easily adapted to prove the following theorem.

THEOREM 2 If 4 is a triangular matrix, then det A is the product of the entries on the main
diagonal of A.

The strategy in Example 3 of looking for zeros works extremely well when an entire
row or column consists of zeros. Insuch a case, the cofactor expansion along such a row
or column i5 a sum of zeros! So the determinant 15 zero. Unfortunately, most cofactor
expansions are nol 50 guickly evaluated.

MUMERICAL NOTE

By today's standards, a 25 » 25 matrix 15 small. Yet it would be impossible 1o
calculate a 25 x 25 determinant by cofactor expansion. In general, a cofactor
expansion requires over n! multiplications, and 25! is approximately 1.5 x 10%.

If a computer performs one tillion multiplications per second, it would have
oy run for over S00000 years o compute a 25 » 25 determinant by this method.
Fortunately, there are faster methods, as we'll soon discover.

Exercises 19-38 explore important properties of determinants, mostly for the 2 » 2
case. The results from Exercises 33-36 will be used in the next section o derive the
analogous properties forn = o matrices.

PRACTICE PROBLEM

5 =7 2 2
Compute 0 -4
=5 = 0 3
0 5 0 =A
3.1 EXERCISES
Compute the determinants in Exercises 1-8 using a cofactor 2 4 13 I 3 5
expansion across the first row. In Exercises 14, also compuic the A3 1 I 12 1 1
determinant by a cofactor expansion down the second column. 14 -1 i 4 2
i i) 4 o 5 1
L2 3 2 2|4 3 0 2 3 4 5 -1 4
0 5 —1 s 41 s.la 0 s 6 0 3 —5
5 1 6 2 —4 7
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4 31 0 ] N ]
. |6 5 2 B |4 0O 3
g T 3 3 2 5

Compute the determinants in Exercises 9-14 by cofactor expan-
sions. At each step, choose a row or column that involves the least
amount of computation.

6 0 0o 5 1 -2 5 2
1 T 2 =5 o o 3 0
* 2.0 0O 0 e 2 &6 T 5
5 3 1 & 5 0 4 4
I F -8 4 4 0 0 0O
o -2 3 -7 7 -1 o 0
1. LU V] 1 5 12 2 6 3 0
o o o 2 5 & 4 -3
4 0 -T 3 -5
o o0 2 0 O
13 |7 3 &6 4 3
5 o0 5 2 -3
o o % -1 2
& 3 2 4 0
0 -4 1 0
4. |8 -5 & 7 1
I 0 o 0 0
4 2 3 2 0

The expansion of a 3 = 3 determinant can be remembered by the
following device. Write a second copy of the first two columns to
thie right of the matrix, and compute the determinant by muoltiply-
ing cnirics on six diagonals:

e

L T P k] T+

dyy Gy dp| 3y O3

Add the downward diagonal products and subtract the upward
products. Use this method to compute the deferminants in Ex-
croises 15—18. Warning: This rick does nov generalize in any
reaionable way 1o 4 = 4 or larger marrices.

i 0 4 o5 1
15. |12 3 2 16. |4 =3 0
o 5 -1 2 4 1
2 -4 3 1 i 5
17. 13 1 2 18. |2 1 1
1 4 -1 3 4 2

In Exercises 19-24, explore the effect of an clementary row
operation on the determinant of a matrix. In cach case, state the
row operation and describe how it affects the determinant.

3 A S A

The Pslamia Aniversity of Wabawalpur
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- ERE ! 3 4
s el|s5+3k 6+4k

2 fa &) [a+ke b+kd
- | & d || Fe d
1 1 1 k. kE k
13 =3 E =4 |, =3 B —4
| 2 3 2 2 3 2
fa b ¢ [3 2 2
M |3 2 2. |a b e
(6 5 6] |6 5 6

Compute the determinants of the elementary matrices given in
Exercises 25-30. (See Section 2.2.)

1 o o 1 o 0
5 o 1 o M [0 1 0
0 k& 1 ko1
k0 07 1 0 07
Im.{o 1 o M {0 k& 0
[0 0 1 I
[0 1 07 0 o 17
o {1 o o Mo 1 0
[0 0 1 |1 0 D]

Use Exercises 25-28 to answer the guestions in Exercises 31 and
32 Give reasons for your answers.

31. What is the determinant of an elementary row replacement
rmiatrix?

32. What is the determinant of an elementary scaling matrix with
k on the diagonal?

In Exercises 33-36, verify that det £E4 = (det E){det A). where

E is the clementary matrix shown and 4 = i j -
o 17 1 0
4 [l 0 | . [1} k]
1 k7 1 0
s [o 4] w i 1]
(3 1 B -
N Lt A= 4 . . Write 54. Isdet 54 = Sdet A7
[a b
38 Lt d = d and let k be a scalar. Find a formula that

Fe
relates dei kA to k and det A.

In Exercises 39 and 40, A4 is ann = » matrix. Mark cach statement
True or False. Justify each answer.

3. o An mnx=n deferminant is defined by determinants of
(n—1)= (m— 1) submatrices.
b. The (i. jj-cofactor of a mairix 4 is the mairix 4;; ob-
tained by deleting from A its ith row and §th column.

40. a. The cofactor expansion of det 4 down a column is the
negative of the cofactor expansion along a row.
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41

43,

3.2

b The determinant of a triangular mairix is the sum of the
cnitrics on the main diagonal.

Letu = [3]5.1‘-:]1:[;] Compuie the area of the par-

allelogram determined by w, v, w4 v, and 0. and compuate
the determinant of [w v . How do they compare? Replace
the first entry of v by an arbitrary number x, and repeat the
problem. Draw a picture and explain what you find.

i

b
simplicityl. Compute the area of the parallelogram deter-
mined by w, ¥, m + v, and 0, and compuie ihe determinanis of
the matrices [w v ]and [v w]. Draw a picture and explain
what you find.

Letu = [ ] and v = [E}_wh:m a, b, ¢ are positive (for

[M] Is it true that det{d + B) = det A + det B? To find
out, generate random 5 x 5 matrices A and B, and compute
det{A + B) —det A —det B. (Refer to Exercise 37 in Sec-

The Pslamia Aniversity of Wabawalpur
The Department of Physics

. [M] How is det A~ melated o det A7

tion 2.1.) Repeat the caloulations for three other pairs of
i x n matrices, for various values of n. Repont vour results.

« [M] Is it true that det AB = (det A){det B)? Experiment

with four pairs of random matrices as in Exercise 43, and
make a conjecture.

. |M] Construct a random 4 = 4 matrix 4 with integer enirics

between —9 and 9, and compare det A with det A7, det{—A).
deti24), and det{104). Repeat with two other random 4 = 4
integer matrices, and make conjectures abowt how these de-
terminants are related. {Refer to Exercise 36 in Section 2.1.)
Then check your conjectures with several random 5 x 5 and
6 » 6 integer mairices. Modify your conjectures., if neces-
sary, and repornt your resulis.

Experiment with
random n = R integer matrices for n = 4, 5, and 6, and make
a conjecture. Nore: In the unlikely event that yvou encounter
a matrix with a zero determinant, reduce it to echelon fiorm
and discuss what you find.

SOLUTION TO PRACTICE PROBLEM

Take advantage of the zeros. Begin with a cofactor expansion down the third column to
obtain a 3 x 3 matrix, which may be evaluated by an expansion down its first column.

5 =7
o 3
=5 =8
0 5

-4
3
-6

2
- 0 3 —4

=(=1)!*2=5 -8 3
0 5 =6

—4

2 i
=2~{-1}-“{-5}|5 6

-

The (=1)**"! in the next-to-last caleulation came from the (2, 1)-position of the =5 in

the 3 % 3 determinant.

PROPERTIES OF DETERMINANTS

The secret of determinants lies in how they change when row operations are performed.
The following theorem generalizes the results of Exercises 19-24 in Section 3.1. The
proof is at the end of this section.

THEOREM 3 Fow Operations

Let A be a square matrix.

a. If a multiple of one row of A is added to another row to produce a matrix 8,

then det B = det A.

b. If two rows of 4 are interchanged to produce B, then det B = =det 4.
¢. If one row of 4 is multiplied by k 1o produce B, then det B = & - det A.

The following examples show how to use Theorem 3w find determinants

efficiently.
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1 —4 2
EXAMPLE 1 Computedet A, where A= | =2 & =9
=1 7 0

SOLUTION The strategy is to reduce A o echelon form and then to use the fact that
the determinant of a triangular matrix is the product of the diagonal entries. The first
two row replacements in column | do not change the determinant:

| -4 2 1 =4 2 1 -4 2
detd=|=2 & =9|=| 0 0 =5|=|0 0 =5
-1 7 o |-t 7 of Jo 3 2

An imerchange of rows 2 and 3 reverses the sign of the determinant, so

1 -4 2
detd==[0 3 2|=—(1)3)=51=15 u
0 0 =5

A common use of Theorem 3(c) in hand calculations 15 o factor owl a common
multiple of one row of a matrix. For instance,

L L L L] L] L]
5k =2k 3|=k|5 =2 3
L L L L] L] L]

where the starred entries are unchanged. We use this step in the next example.

2 -8 6 &
EXAMPLE 2 Compute det A, where A = _i '3 f 5l
I_ 1 =4 0 E-J

SOLUTION To simplify the arithmetic, we want a | in the upper-left corner. We could
interchange rows | and 4. Instead, we factor owt 2 from the wop row, and then proceed
with row replacements in the first column:

| =4 3 4 | —4 3 4
1 -9 5 10 0 3 -4 =2

=1‘ ='-:'
detd=2 5 o 1 =230 =12 10 10
I -4 0 & 0 0 -3 2

MNext, we could factor out another 2 from row 3 or use the 3 in the second column as a
pivol. We choose the latter operation, adding 4 times row 2 to row 3:

1 =4 3 4
0 3 =4 =2

=7
detd=2, 4 6 2
0 0 =3 2

Finally. adding =1 /2 times row 3 to row 4, and computing the “triangular” determinant,
wie find that

I =4 3 4
Y [

d:i.l:lg ; _: E = 2 (13 =B)1) = =36 ]
o o o 1
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m = % %] Suppose a square matrix 4 has been reduced 1w an echelon form U7 by row replace-
0 m % = ments and row interchanges. (This is always possible. See the row reduction algorithm
= 00 m % in Section 1.2.) If there are r interchanges, then Theorem 3 shows that
o0 0 =] det A = (=1)" der U
et U+ 0 Since IM is in echelon form. it 18 trangular, and so det 7 is the product of the
m = % %] diagonal entries wyy. .. .. tigg- I A is invertible, the entries w;; are all pivols (because
, 0 m = =x A ~ I, and the u;; have not been scaled o 1°5). Otherwise, at keast u,, is zeno, and the
U= 00 0o m product wyy -« iy, 18 zero. See Fig. 1. Thus
|0 0 0 0]
dei If =10
product of - .
=1)" - ‘hen A bl
nm_,mg]_ det A = [ I (]:ri'ralsin L’) when A 1S mverlible (1)
Typical echelon forms of square 0 when A is not invertible
matrices.

It is interesting to note that although the echelon form U7 described above 15 not unigue
(because it is not completely row reduced), and the pivots are not unigue. the product
of the pivols is unigue, excepl for a possible minws sign.

Formula (1) not only gives a concrete interpretation of det 4 but also proves the
main theorem of this section:

THEOREM 4 A square matrix A is invertible il and only if det 4 # 0.

Theorem 4 adds the statement “det A 2 07 o the Invertible Matnx Theorem. A
wseful corollary is that det A = 0 when the columns of A are linearly dependent. Also,
det A = 0 when the rows of A are linearly dependent. (Rows of A are columns of A7,
and linearly dependent columns of AT make A7 singular. When A7 is singular, 50 is
A, by the Invertible Matrix Theorem.) In practice, linear dependence is obvious when
two columns or two rows are the same or a column or a row is zem.

I =1 I =5
0 5 =3 =&
=6 T =7 4
=5 =8 0 9

SOLUTION Add 2 times row | o row 3 1o oblam

EXAMPLE 2 Compute det 4, where 4 =

3 =1 2 =5
0 5 =3 =h
det A = det 0 5 =3 -6 |= 0
=5 = 0 9
because the second and third rows of the second matrix are equal. |

NUMERICAL NOTES

1. Most computer programs that compute det 4 for a general matrix A vse the
method of formula (1) above.

2. Itcan be shown that evaluation of an n » n determinant using row operations
requires about 2n3||f3 arithmetic operations. Any modern microcomputer can
calculate a 25 x 25 determinant in a fraction of a second, since only about

10,000 operations are required.
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Computers can also handle large “sparse™ matrices, with special routines that take
advantage of the presence of many seros. OF course, zero entries can speed hand compu-
tations, wo. The calculations in the next example combine the power of row operations
with the strategy from Section 3.1 of using rero entries in cofactor expansions.

o 1 2 =1

z -—
EXAMPLE 4 Compute det A, where 4 = 1; i z i
—2 -5 4 =2

SOLUTION A good way to begin is to use the 2 in column 1 as a pivot, eliminating
the =2 below it. Then use a cofactor expansion to reduce the size of the determinant,
followed by another row replacement operation. Thus

I 2 =l

=

I 2 =l I 2 =l
2 —
detd =) > =1 3=—_3 6 2|==20 0O 5
o362 0 =3 1 o =3 1
0 0 =3 1

An interchange of rows 2 and 3 would produce a “triangular determinant.”  Another
approach 15 to make a cofactor expansion down the frst column:

det A = (=2)(1)

0 5
= = -
. 1‘ 2.(15) = =30 o

Column Operations

We can perform operations on the columns of a matrix in a way that is analogous to the
row operations we have considered. The next theorem shows that column operations
have the same effects on determinants as row operations.

THEOREM 5 If A is an m % n matrix, then det AT = det A.

PROOF The theorem is obvious for n = 1. Suppose the theorem is true for & ® &
determinants and let n =k 4+ 1. Then the cofactor of a); in A equals the colactor
of aj in AT, because the cofactors invalve k x & determinants. Hence the cofactor
expansion of det 4 along the first row equals the cofactor expansion of det AT down the
first column. That is, A and AT have equal determinants. Thus the theorem is true for
n = |, and the truth of the theorem for one value of # implies its truth for the next value
of n. By the principle of induction, the theorem is true for all n > 1. [ |

Because of Theorem 5. each statement in Theorem 3 is true when the word row 15
replaced everywhere by colmmn. To verify this property, one merely applies the original
Theorem 3 o AT, A row operation on AT amounts to a column operation on A,

Column operations are useful for both theoretical purposes and hand computations.
However, for simplicity we'll perform only row operations in numerical calculations.

Determinants and Matrix Products

The proof of the following useful theorem is at the end of the section. Applications are
in the exercises.
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THEOREM & Multiplicative Property
If A and B are n x n matrices, then det AB = (det A)(det B).

32 12
6 1)+ 3]_[25 2
"*B=[3 1}[| 1]=[14 13

det AR = 2513 <2014 =325=-28D0 =45

EXAMPLE 5 "l.-'lr.'ril':.r'1"]1n:‘.'\v|.1-1'|:1'nIEIIfl;:lr.=1=Iilﬁl l]ﬂndﬂ‘=[4 3].

SOLUTION

and

Sincedetd = 9and det B = 5,
(det A)idet B) =9.-5=45 = det AR |

Warning: A common misconception is that Theorem 6 has an analogue for suns of

matrices. However, det( 4 4 8) is mor equal to det 4 4 det B, in general.

A Linearity Property of the Determinant Function

For an i ® n matrix A, we can consider det A as a function of the i column vectors in
A. We will show that if all columns except one are held fixed, then det A is a finear
Sfunction of that one {(vector) vanable.

Suppose that the jth column of A is allowed w vary, and write

A=[ay - m X By s By
Define a transformation T from E" 1o B by

T{x]=df|:[n. STRE THCERE S TPU RS n,.]
Then,

Tiex) = cTix) forall scalars ¢ and all x in BE® (2)
Tin+v) = Tiu) + T(v) forallw, vinRE" (3)

Property (2) is Theorem 3(c) applied to the columns of 4. A proof of property (3)
follows from a cofactor expansion of det A down the jth column. (See Exercise 43.)
Thas (multi-) Ineanty property of the determinant lwms out to have many useful conse-
guences that ane studied in more advanced courses.

Prootfs of Theorems 3 and 6

It is convenient to prove Theorem 3 when it is stated in terms of the elementary matrices
discussed in Section 2.2, We call an elementary matrix £ a row replacement (matrix) if
E 15 obtained from the identity § by adding a multiple of one row to another row; E s
an interchange if E is obtained by interchanging two rows of T2 and E is a scale by r il
E 15 obtained by multiplying a row of § by a nonzero scalar r. With this terminology,

Theorem 3 can be reformulated as follows:
Bs-(Hons) Seme-2/Section A&B
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If A s ann % n matrie and E ix an n 2 0 elemeniary matrix, then
detEA = (det E){det A)
where

1 if E is a row replacement
det B = £ =1 if £ is an interchange
rif E is a scale by r

PROOF OF THEOREM 32 The proof is by induction on the sive of 4. The case of a
2 2 matrix was verified in Exercises 3336 of Section 3.1, Suppose the theorem has
been verified for determinants of & = & matrices with & > 2 letn = & 4 1, and ler A
be n mm. The action of £ on A involves either two rows or only one row. 5o we
can expand det £4 across a row that s unchanged by the action of E. say, row . Let
Ajy (respectively, By ) be the matrix obtained by deleting row § and column § from A
(respectively, EA). Then the rows of Bj; are oblained from the rows of 4;; by the same
type of elementary row operation that £ performs on 4. Since these submatrices are
only & = & the induction assumption implies that

det By = o -det Ay
where ¢ = 1, =1, or r, depending on the natwre of E. The cofactor expansion across
oW I s
'IJ'.L"[ EA = ﬂ]|{—]}J+I Ih:l. BJ. + waa +l:.|'f.{—'l:|‘+"- d:1. Bj-

= I'-l'ﬂjlt—l}'-'_l det Ay =+ + -+ + cain(=1)"7" det Ain

= ¢ - et A
In particular, taking 4 = f,, we see that det £ = 1. =1, or r. depending on the nature
of E. Thus the theorem 15 true for 1 = 2, and the truth of the theorem for one value of

n implies its truth for the next value of n. By the principle of induction, the theorem
must be true for n = 2. The theorem is rivially true forn = 1. ]

PROOF OF THEOREM & If 4 is not invertible, then neither is A8, by Exercise 27
in Section 2.3, In this case, det AR = (det A} det F). becanse both sides are zero, by
Theorem 4. If 4 is invertible, then A and the identity matric f» are row eguivalent by
the Invertible Matrix Theorem. So there exist elementary matrices £, .. . E 5 such that
.14. = -EFEF'—l = EI - ;ﬂ = EP-E_P—I. ""-EI
For brevity, write |A] for det.A. Then repeated application of Theorem 3. as rephrased
abowve, shows that
|_.-‘|_B'|= I'EP“" Elﬂl = |'EF'”E.F—|- ...._E'Iﬂ'l = san
= |Eg|---|E{||B| = +-- = |Ep .-+ E\|| B|
= |A|| E]| |

PRACTICE PROELEMS

1 -2 1 =2

L. Compute 2 —5 —1 -2 in as few steps as possible.
0 =4 5 1
-3 10 =6 B

Bs-(Hons) Seme-2/Section A&B



Matrices &

vector space

The Pslamia Aniversity of Wabawalpur
The Department of Physics

2. Use a determinant to decide if vq, v2, v are linearly independent, when

V=

3.2 EXERCISES

5

-7

9

=3

W1 = 3

-5

2

-7
5

Vy =

Each equation in Exercises 14 illustrates a property of determi-
nants. State the property.

0 5 =2 1 -3 6
. |1 -3 &|=—0 5 -2
4 -1 B 4 -1 B
T -6 4 1 -3 2
L3 5 -2|=2{3 5 -2
1 6 3 1 6 3
1 3 — I 3 —4
Lz o -3|=[0 -6 3
5 -4 7 5 —4
1 2 3 1 2 3
4 |0 5 —4|=|0 5 —4
37T 4 LU 1 =5
Find the determinants in Exercises 5-10 by row reduction to

echelon form.
1 5 —6 1 5 =3
5 -1 —4 4 G |3 -3 3
=21 -7 9 2 13 -7
1 o0 2 1 I
=1 -5 T 4 [i] 1 ]
& 3 5 2 1 b 2 5 4 =3
1 -1 2 =3 -3 -7 =5 2
I -1 =3 0
o 1 5 4
S. -1 2 8§ 3§
i -1 -1 3
1 -1 o =2
o 2 —4 -1 -6
I, |-2 —& 2 3 9
3 7 -3 & -7
3 5 5 2 7

Combine the methods of row reduction and cofactor expansion to
compute the determinants in Exercises 11-14.

5 -3 -1 -1 2 3 0

3 0 1 -3 i 4 3 0

. —& 0 —4 9 _ 5 4 6 6
4 10 —4 -1 4 2 4 13

T 5 4 1 -3 - 1 -4

4 7 6 2 I3 0 =3

L3 6 =2 —4 0 4 -3 4 =2 &
-6 7 7 0 i 4 0 4

Find the determinants in Exercises 1520, where

a

d

4

15,

17.

1%.

20,

b I3
e i
h i

2d +a
g
a4+ d
d
4

e+ b
h
h+e

&
]

a b
16. | 3d 3¢
£ h
g h
18. |la &
d e
c
1+
P
c+ f
f

i

In Exercises 21-23, pse determinants to find owt if the matrix is
invertible.

2 3 0 5 0 -1
2. |1 3 4 (1 -3 -2
1 2 1 o 5 3
T 0 0 &
I =T =5 0
. I B8 &6 0
o 7T 5 4

In Excroises 2426, use determinants to decide if the set of vectors
iz lincarly independent.

4 -7 —3 7 —5 7
4. 6 0. 1-5 25 | 4. 5. L
—7 2 6 —6 7 -5
3 2 -2 o
5 ] -1 0
. —h ot il o
4 7 o =3

In Exercises 27 and 28, A and B are n = n matrices. Mark each
statement True or False. Justify each answer.

27. a. A row replacement operation does not affect the determi-
nant of a matrix.

b. The determinant of 4 is the product of the pivols in any
echelon form U7 of A, moltiplied by (—1 ). where r is the
number of row interchanges made during row reduction
from A o 7.
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c. If the columns of 4 are lincarly dependent, then
det 4 =0

d. detid + B) =det 4 + det B.
. If two row interchanges are made in succession, then the
new determinant equals the old determinant.
b. The determinant of A is the product of the diagonal entries
in A.
c. If det A is zero, then two rows or teo colomns are the
SAME, OF 3 row of 8 column is zero.
d. det AT = (—I)det A
1

29. Compuie det B where B =1 1
1

Use Theorem 3 {but not Theorem 4) to show that if two rows
of a square matrix 4 arc equal, then det A = 0. The same is
true for two colomns. Why?

[ -]
Pt =

[

In Exercises 31-36, mention an appropriate theorem in your
explanation.

1
3l. Show that if A is invertible, then det A= = ——
det A

Find a formula for det{rd) when A is ann = n matrix.

Let A and B be square matrices. Show that even though
AR and BA may not be cgual, it s always troe that
det AR = det BA.

3L
33

Let A and P be square matrices, with P invertible. Show
that det{ FAP=!) = det A.

35, Let I be a square matrix such that U7 = J. Show that
det f = &1

36, Suppose that A s a square matrix such that det 4% =0,

Explain why A cannot be invertible.

Verify that det AB = (det Apidet B) for the matrices in Exercises
37 and 38. {Do not use Theorem 6.)

moam[i Ve=[2 4]
w =[S} 2]

3. Let A and B be 3= 3 matrices, with detd =4 and
det B = —3. Use propertics of determinants {in the text and
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41.

in the exercises above) (o compate:

g detAR b. det5d c. det BT

d detq™ e det 4?

Let A and B be 4 x4 matrices, with det 4 = —1 and
det B = 2. Compute:

o det AR b. det Bf c. det24

d detATd e. det BTUAR

Verify that det A = det B + det O, where

a+e b+ f a b i e f
"=[ e d ]‘B=[f d]'£=[r n‘]

1 0 a b
LI:IZ.-'1.=[D |}MB=[-E' ﬂ.]_SIwwthat

det(A + By=det A + det B ifand only ifa + 4 =00
Verify that det A = det § + det O, where

gl ap up +
A=|day am U3+
dy  dp N3t
gy dyp iy gy dy3 Uy
B =]\ aun an ux | C=| an ] Uz
dip  da 13 LeLT] a1z U3

MNote, however, that A is no? the same as B 4 €.

Right-multiplication by an elementary matrix £ affects the
colimtrs of A inthe same way that left-multiplication affects
the rows. Use Theorems 5 and 3 and the obvious fact that ET
iz anoiher elementary mairix to show that

det AE = (det E)idet A)
Do not wse Theorem 6.

[M] Compuic det A™4 and det AAT for several random 4 = 5
mairices and several random 5 = & matrices. What can you
say abont A4 and AAT when A has more columns than
rows?

[M] If det A is close to zero, is the matrix 4 nearly singu-
lar? Experiment with the nearly singular 4 x 4 matrix A in
Exercise 9 of Section 2.3. Compuie the determinanis of A,
104, and 0.1 4. In contrast. compute the condition numbers
of these matrices. Repeat these calculations when A is the
4 x 4 wlentity mairix. Discoss your resolis.

SOLUTIONS TO PRACTICE PROELEMS

1. Perform row replacements to create zeros in the first column and then create a row

of #eros.

=3 1
=5 =l
-4 5
10 =6

i = fd

=2
=2

1 =3 1 =2| |1 =3 1 =2

o v =3 2f _Joo1 =3 o2

“lo =4 5 1|T|o -4 5 1|7
0 1 =3 2| o 0o 0 o0
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5 =3 2 5 =3 2
2. d.!:l.[\"| Vi Vi I = | =7 I =T|=|=2 0 =5 ::'IEI“:‘“I :ij'-h.';J
9 =5 5 9 =5 i
R, J— 5 2 Cofactors of
=—!-3J| g 5‘-"5}‘_3 _5‘ column 2

=3 (35 45-(=21)=0
By Theorem 4, the matrix [ ¥ ¥z %3 ] is not invertible. The columns are linearly
dependent, by the Invertible Matrix Theorem.

3.3 CRAMER'S RULE, VOLUME, AND LINEAR TRANSFORMATIONS

This section applies the theory of the preceding sections o oblain important theoretical
formulas and a geometric interpretation of the determinant.

Cramer’'s Rule

Cramer’s rule is needed in a vanety of theoretical calculations. For instance, it can be
used to siudy how the solution of 4x = b is affected by changes in the entries of b.
However. the formula is inefficient for hand calculations, except for 2 % 2 or perhaps
3 3 malrices.

For any n x n matrix A and any b in B", ket 4;(b) be the matrix obtained from A
by replacing column § by the vector b.

Ay =(a - b e ay]
1

cod §

THEOREM 7 Cramer's Rule
Let A be an invertible n * n matrix. For any b in B", the unique solution X of
Ax = b has entries given by

_ det Ai(b)

X = e A =12 .. " (1)

PROOF Denote the columns of 4 by ay,. ... &, and the columns of the n » n identity
matrix { by ey, ..., ¢, If A% = b, the definition of matrx muluphcation shows that

A-Lixp=Afey o X e gy =[Ae e Ax e Aey |
=[nl T BT a,]=.4,{h]
By the multiplicative property of determinants,
(det A)(det fi(x)) = det Ai(h)

The secomd determinant on the left is simply x;. (Make a cofactor expansion along the
ith row.) Hence (det A) - x; = det A;(b). This proves (1) because A is invertible and
derd #£ 0. ]

EXAMPLE 1 Use Cramers rule to solve the system
gy =2x2=6
=5x; 4+ 4x; =8
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SOLUTION View the systemn as Ax = b. Using the notation introdeced abowve,

3 -2 6 —2 3 6
a=[272] awm=[§ 2] wwm=[23 ]

Since det A = 2, the system has a unigque solution. By Cramer”™s rule,

_detAi(b) _ 24416 _

[y = = 2
* det A 2 .
det A2(b) 24+ 30
Xy = —_— = 27 [ ]
2 det A 2

Application to Engineering

A number of important engineering problems, particularly in electrical engineering and
control theory, can be analveed by Laplace tramsforms. This approach converls an
appropriate systemn of hincar differential equations into a system of linear algebraic

equations whose coefficients involve a parameter. The next example illustrates the tvpe
of algebraic system thal may arise.

EXAMPLE 2 Consider the following sysiem in which s is an unspecified parameter.
Determine the values of 5 for which the system has a unigue solution, and use Cramer’s
rule to describe the solution.

33x) = 2xa =4
—fry 4 5xs =1

SOLUTION View the system as Ax = b. Then
35 =2 4 =2 3 4
"_[—5 ;]' Ai(b) = [1 .;]' ‘41'“:'}_[—5 1]

det A = 357 = 12 = 35 4+ 2)(s — 2)

Since

the system has a unigue solution precisely when 5 22 42 For such an 5., the solution is
{xj.x3), where

det Ay (b) 45 4 2
Xy = =

det A 3z 4 25 —=2)
o det Az(b) _ 3z o4 24 _ 548 -
=T A a4+ 25=2) G+ 2is=2)

A Formula for A—1

Cramer’s rule leads easily to a general formula for the inverse of an n »x n matrix 4.
The jth column of A~ is a vector x that satisfies

-‘1"‘="—‘,r

where e is the § th column of the identity matrix, and the § th entry of x is the (i, § }-entry
of A7, By Cramer's rule,

o _ det A, (e;)
{0, j)-entry of A lE =y = ﬁ
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Recall that 4 denotes the submatrix of 4 formed by deleting row j and column . A
cofactor expansion down column § of A;{e; ) shows that

det Aife;) = (=1y T det 4y = Cy i3

where C; is a cofactor of A. By (2), the (i, j )-entry of A~ is the cofactor Cy; divided
by det A. [Note that the subseripts on €y are the reverse of (i, §).] Thus

E'.ll Czl v Cﬂl

! 1 | Ciz T = Gy
T = 4
et A : B - )

Cin Can ves Cha

The matrix of cofactors on the right side of (4) is called the adjugate (or classi-
cal adjoint) of A, denoted by adj A. (The term adjoinr also has another meaning in
advanced texts on linear transformations. ) The next theorem simply restates (4).

THEOREM 8 An Inverse Formula
Let A be an invertible a % n matnx. Then
1

A~ = —adj4
T

]

EXAMPLE 2 Find the inverse of the matrix 4 =

.l.‘-.ll—l—

SOLUTION The nine cofactors are

=] 1 1 1 1 =1
Ciu=+ 4 =2 = =3 C11=—| - =3 C|J.=+] 4 =5
1 3 L | 201
f_-'1|=—4 _1|=]4_ f11=-+-l 2 = =7 fﬂz_l 4 = =T
1 3 2 3 2 1
Ca=+_| |=% Ga=—; |=L GCa=+ _|=-3

The adjugate matrix is the rranspose of the matnx of cofactors. [For instance, C)s goes
in the (2, 1) position.] Thus

-2 14 4
adjd=| 3 =7 1
5 =7 =3

We could compute det 4 directly, but the following computation provides a check on
the calculations above and produces det A:

=2 14 472 1 3 4 0 0
fadjd)-A=| 3 =7 1|l1 =1 1|=|0 14 o|=14
5 =7 =3||1 4 =2 0 0 14

Since (adj A)A = 144, Theorem 8 shows that det 4 = 14 and

(-2 14 4 -7 1 277
ATl=—| 3 =7 1 |=|314 —1j2 114 =
4l 5 9 2 514 =142 —=3/14
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3.3 EXERCISES

Use Cramer's rule to compute the solotions of the systems in i 0 0 l I 4
-2 3 2 o o 3
1. 5.r|+1r3=3 Z 'i.f|_+ .T}:l‘.:l

17. Show that if A is 2= 2, then Theorem £ gives the same

Zx +dxz =1 3 +ln=7 formula for A~ as that given by Theorem 4 in Section 2.2
R i —Ixy= T 4 -5y + 3, = 9 18. Suppose that all the entries in A are integers and det 4 = 1.
—35x, + bxy = —5 3, — xy=—3 Explain why all the entries in A~" are integers.
In Exercises 19-22, find the area of the parallclogram whose
5. lr,_ + X3 = 7 [ lfl - X3 — Xy = 4 vertices are listed.
—3x + & =-8§ —xy + Yy = 2
' . ' : 19. (0.0} (5,2). (6.4). (11,6)
.f:+lﬁ.'3=—3 l.fl+]':+lx3=—2

20. (0.0). (—1,3), (4.—5), (3.—2)
0. (—0, 00, (0, 5), (1. —4), (2, 1)
2. (0,-2), (6, —1),(=3.1).(3.2)

In Exercises 710, determine the values of the parameter 5 for
which the system has a unigue solution, and describe the solution.

T. bsxy + 42 = 5 B 3sxy — 50 = 3 2% T the vol { the parallelepiped with
_ _ . Fi volume of the p clepi with one vertex at
T+l =-2 o+ =2 the origin and adjacent vertices at (1,0,—2), (1,2, 4), and
9. sxi — 25w = —1 0. 250+ xo=1 (7.1.0).
Ix +Gs: = 4 Zuxy 4 Gsn =2 4. Find the volume of the parallelepiped with one vertex at
the origin and adjacent vertices at (1,4, 0), {—2. -5, 2), and
In Exercises 11-16, compute the adjugate of the given matrix, and (—1,2. —1).
th s Theo 8 to give the i s af th i
e se e give e wiverse of The matrmx 15, Use the concept of volume to explain why the determinant of
0 -2 -1 1 1 3 a3 x 3 matrix A is zero if and only if A is not invertible. Do
11. i o o 1z |2 -2 1 not appeal to Theorem 4 in Section 3.2, [Hinr: Think about
| 1 1 0 1 0 ) the columns of A.)
3 3 4 3 & 7] 26. Let T : B™ — H® be a linear transformation, and let p be a
13, 1 0 1 14 o 2 1 vector and 5 a set in B™. Show that the image of p 4+ 5 under
7 1 1 03 4 T is the ranslated set Tip) + T(5) in B,
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4.1 VECTOR SPACES AND SUBSPACES

Much of the theory in Chapters | and 2 rested on certain simple and obvious alge-
braic properties of B, listed in Section 1.3. In fact. many other mathematical systems
have the same properties. The specific properties of interest are listed in the following
definition.

DEFINITION A vector space is a nonemply set V' of objects, called vectors, on which are de-
fined two operations, called addition and multiplication by scalars (real numbers),
subject to the ten axioms (or rules) listed below.! The axioms must hold for all
vectors w. ¥, and w in ¥ and for all scalars ¢ and o .

1. The sum of u and v, denoted by v 4+ v, is in V.

2. u4v=v4+0n

3 (u4v)+w=u+4 v+ w)

4. There is a zero vector D in V such that u 4 0 = u.
5. Foreach win V', there 15 a vector =u in V' such that w 4 {(=u) = 0.
6. The scalar multiple of n by ¢, denoted by cu, is in V.
T. i<+ ¥) =cu+cv.

B lc+dm=ca+ du

9, cidu) = {cd ju

1. lu =u

Subspaces

In many problems. a vector space consists of an appropriate subset of vectors from some
larger vector space. In this case, only three of the len vector space axioms need 1o be
checked: the rest are antomatically satisfied.

DEFINITION A subspace of a vector space V is a subset H of V that has three properties:

a. The zero vector of iz in A2

b. H 15 closed under vector addition. That s, for each u and v in K, the sum
udvismm H.

c. 15 closed under multiplication by scalars. That is, for each w in / and each
scalar ¢, the vector cu is in ff.
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